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@ Chapter 2

Practice questions

1 f(g(x)=1(x"+2x)=Vx"+2x -3

a Aradical function is not defined when the expression under the square root has a negative value, so:
X +2x-3<0=x"—x+3x-3<0=2x(x-)+3(x-N<0=2(x-N(x+3)<0=xe 3,1

Therefore,a = =3,b = 1.

b [ Flatl Flotz Flotz
M=l 0E=32
wMreEo+ZE
o] = b B

~Ny=
“MNe= [

“ME=
wMe=

The range of the function is y = 0.

Solution Paper 1 type

2 a g'Q=a=>9g(@)=3=220-7=3=220=3+7=ad=5=9g'(3)=5
b h(g(6))=h(2x6-7)=h(5)=3(2-5)=3x-3=-9

Solution Paper 2 type

2 Firstly, we are going to input both functions in the Function menu.

Flakl Flotz Flok:
=N B2R-7

SN EICE-HE
=xEYz M0
wNy=

=Ne=

“ME=

=Na=

a We have to solve the equation g(x) = 3, which can be solved in many different ways. Here we are going to use Solver.

i HUM CPs PEE| ERUATION SOLMER | W4 CEa—-3=A
y ednE E=Y (-3 = H=S

= bound=L{-1g99:1..
fMing s left—rt=a

fHa=.
nlberiwve
ifnlntc
HSoluer..
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=
Vi
t=H

b We are going to define the third function as a composition, y = g (h(x)), and calculate its value for x = 6.
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Chapter 2

Solution Paper 1 type

4—
y=>3x=4—y=>y=4—3x=>g’1(x)=4—3x

4 —
3 a g(x)= 3x=>x=

W2 2

b (g7 (x))=f(4-3x)=5(4-3x)-2=20-15x—2=18-15x = 18— 15x =8 = 10 = 15x => x = 2> = =

»3 3

Solution Paper 2 type

3 This question can be solved using a CAS calculator, which, at present, is not permitted on the final exam by the IBO.

a-b solve[ﬁ(y):x,y) y=4-3x =

solve(ﬂ (ﬁ(x)):&x) x:E
3

™
2/99

4 a gh(x)=g@x)=2x-3

gy)=x=y-3=x=9g (x)=x+3

b =g (14)+h" (14)=17+7=24

h(y)=x=>2y=x=>h_1(x)=§

5 a 10.04 y
S~

> -10.04

X
3l

b Since the function is transformed by applying a horizontal translation of one unit to the left and a vertical translation
: : : : 1 : :
of half a unit down, the new coordinates of the maximum point are (—1, - 5) , whilst the new coordinates of the

minimum point are (O, — %)

1 ) . .
6 There are four transformations defined by the graph y = — B (x +5) +3.The first is a reflection in the x-axis (the line
y=0).The second is a vertical stretch by scale factor ]5 Then we have two translations: a horizontal translation of five units
to the left and a vertical translation of three units up. Therefore, the parameters are as follows:

a k=% b p=-5 c g=3




7 Since we cannot use a calculator or apply any calculus knowledge, as this appears later in the textbook, we will simply
calculate the corresponding y-values for the given x-values from the domain. We also notice that this is an even function,
4 4

J6—(—xy 16-=

which means f (—=x) = = f (x),and geometrically its graph is symmetrical with respect to the

y-axis.

a Using a scientific calculator we obtain the following y-values:

X -35 =3 -2 =1 0 1 2 3 3.5
y 2.07 1.51 1.15 1.03 1 1.03 1.15 1.51 2.07

From the table, we see that f(x) has a minimum value when the denominator is a maximum, i.e. when x = 0.

7
9 =\i6_

b Since 16 — x* > 0, the vertical asymptotes are x = —4 and x = 4.

¢ Looking at the table and the graph, we can see that the lowest possible y-value is 1 and the graph has two vertical
asymptotes. Therefore, when the values of x approach —4 or 4, the y-values tend to positive infinity.

Rf)={yeR:y=1
8 a We are going to use a tabular form to show some points on the graph.

1 1
x -4 =3 =2 =1 -5 5 1 2 3 4
1 1 1 1 1 1
Y 4 3 2 B - 2 ] 2 3 4

b The horizontal translation of four units to the left means that instead of x we will have the expression (x + 4); whilst the
vertical translation of two units down means that we are going to subtract 2 at the end. So, the function h looks

like this: h (x) = —
x+4

=2,

1 1-2x-8 2x+7
Note: This function can be written in a different form: h (x) = —2= X . .
x+4 x+4 x+4

This second form might be better for the calculations in part c.
2x+7 7 7

c i y:O=>—x—:O=>2x+7:O=>x:——:>(——,O)
x+4 2 2

2x0+7 7 7
b

*EOS Y T T
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ii By looking at the first form, we see that the vertical asymptote has the equation x = —4, whilst the horizontal
asymptote has the equation y = —2. That result can also be found by looking at the asymptotes of the

original function, y = — , which were the coordinate axes. By translating the original function four units to
X

the left, we were also translating the vertical asymptote. And again, by translating the function two units
down, we were translating the horizontal asymptote.

 [SSasE IERNe

hx)y=—--2

1
x+4

9 ai f(8)=v8+3=111
i f(46)=46+3=49=7
i f(-3)=v-3+3=/0=0
b The function fis not defined for negative values under the square root, and therefore x + 3 < 0 = x < —3.
c g(f(x)):g(\/m)z(\/m)z—5=x+3—5=x—2,x>—3

Notice here that the composition would not be represented by the whole straight line, but simply by a ray starting at
the point (=3, —5).

a-—38

10a g'(2)=a=g(a)=-2= =2=a-8=-4=ad=4

An alternative method would be to find the inverse function first and then calculate its value at —2.
g(y)=x=>yT_8=x=>y—8=2x=>g_1(x)=2x+8
(This calculation is going to be used in the following part.)
g'(-2)=2x(-2)+8=4
b g'(h(x)=g" (¥’ =) =2x(x"=1)+8=2x"—2+8=2x"+6
c (h(x)=2=2x+6=2=2x"=16=x' =8 = x=+/8 =422

11 a f()’):x:>3}’—1=x:>?>y:x+1:>y:XT-F1

b f(Q(x))=f(%)=3x(%)_1=E_1

c f(g(y))zxz%—]zxz%=x+1=>(fog(x))4:x]—i],xi—1
d olg)=g(2)-5=AxZ=x
x

We notice that the function is self-inverse. That can be spotted from the graph, which is symmetrical with respect to
the line y = x.

12 a Even though the question suggests finding the parameters in a different order, we are going to use the form of the
function first and then the point.

ii  Since the vertical line MN is a vertical asymptote, we can read its equation as x = —3. The function of the form

a
h(x):x—b

has a vertical asymptote when the denominator is equal to zero, so we can find the value of b: b = —3.




13 a

v

———

To find parameter a, we will use point A(—4, —8) which is on the graph.
=% _Sa=-8x(-)=8
443

Define glx)=Func

333

The transformation is a reflection in the x-axis.

If x=-4 and x<-3 Then
Return 1
ElseIf x=-3 and x<-1 Then
Return -x—2
ElseIf x=-1 and x<0 Then
Return x

EndIf

EndFunc

Done W

1/99

3.33

& f2lx}=2-glx)

>

& 3lx)=glx4)

b To obtain the graph y = —f(x) — 1 we need to perform two transformations: a reflection in the x-axis and then a
vertical translation of one unit down. Therefore, point A(=3, 1) will first be reflected to (—3, —1) and then translated
vertically to A"(—3, —2).

333 Y.
A(=3,1)
X
0.5 5
A'(=3,-2)
& falx)=glx)-1 A

14 The graph of the function y, = f (x — k) is obtained by a horizontal translation of k units to the right. Since 0 <k < n—m,

y

»

a

the touching point with the x-axis is going to be translated horizontally and placed before the zero n.
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15 Firstly, we need to find the composite function and then we will find its inverse.
(fog)(x):)‘(g(x)):f(oc3)=x3 +t1x=yP+1=2x-1=y = (fog) (x)=IYx -1
x A
x)_ x+1 _ x¥1 _ x ¢—1—l
)

x+1 x +1_x+x+1_2x+1’

x+1 M

16 a g(x)=(fof)(x)=f(f(x))=f(

NS (CANEN]

2 2
b (geg)2)=9(g@)=g[2]=—3 =2
geg g\g 9(5) 2xg+1 5

[1 1 1-2x° 2 2
17a f(x)=\|5-2=>—=-2=0= 2x >O:>1—2x220:>—§<xs§,x¢0
X X X

b Regarding the range, we notice that the sign before the square root is positive, and therefore f (x) = 0.

2y +1 +1
18 x:y—]=>xy—x=2y+1=>xy—2y=x+1:>y(x—2)=x+1:>f‘1(x)= o >
y- x -

Since the denominator cannot be equal to zero, the domain of the inverse function is D (f”) ={x eR|x#2}.

2% — 1
19 a The rational function f (x) = al
x+2

,x >0, has a horizontal asymptote at y = 2 because

2

1

-1 =

lim  (x) = lim = lim X = Z = 2.0n the other hand, since the restriction on the domain is to positive

X—>00 x>0 x4 ) X—>00

E

X

(=]

0

values of x, and the vertical asymptote without restriction would occur at x = —2, the minimum on the function takes

1
placeatx=0:>y=—§.

Therefore, the range is R (f) = {y € R‘— % sy< 2}.

2y —1 2x +1
b x:%=>xy+2x=2y—1=>2x+1=2y—xy:>f4(x):2x

. Now, since there was a restriction on the
domain and range of the original function, we have a restriction on the domain of the inverse function:

D(f”)z{xe]R‘—%<x<2},

01> fz(x):{zw+1 Lo

>> -6.67

20a Iff(x)=x" thenf(g(x)=x+1=(9(x)) = x +1= g(x) = Yx +1
b g(f(x)=x+1=g(x’)=x+1= g(x)=Vx +1

21 a Since the surd expression is in the denominator, it cannot be equal to zero and hence:

3—x2>O:>D(f)={xeR|—\/§<x<\/§}



b The maximum value of the expression in the denominator is v/3. Therefore, the range of the function is

R(f)z{yeRx??}.

EE
1

% 1 ’

22 Given that (f o g)(x) = xTH and g(x) = 2x — 1, we will firstly find f (x):

Fg0) = = rx-n=2

To solve this type of functional equation, we will use a substitution, 2x — 1=t = x = Sl ,and then transform the rule to
the new variable. 2
a1 +1 f-1E2
t+3 —3h8
fl)=—2—=—2 172 32> %
2 2 4 4 4

23 a The first transformation, y = f (x — 4) , is a horizontal translation of four units to the right. Therefore,

A(=3,25) > A'(1,25);8(0,0) = B'(4,0); C (3,-35) = C'(7,-35);and D (6,0) — D"'(10,0)..
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b The second transformation, y = f (=3x), actually consists of two transformations. One transformation is a reflection in
the y-axis, whilst the other is a horizontal shrinking by scale factor 3. So, the points will be mapped as follows:
A(=3,25)— A"(1,25);B(0,0) — B"(0,0);C(3,-35) — C"(=1,-35); and D (6,0) — D "(-2,0) .
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Practice questions

1

x’ —(a+3b)x+3ab=0

(@+3b)£J(@+3b7 —4-3ab (a+3b)+~Ja* +6ab+9b> —12ab

X, = =
" 2 2
_(a+3b)xNa’—6ab+9b°  (a+3b)x~(a—3b)° (a+3b)+(a-3b)
2 2 2
a+3b+a-3b a+3b—-a+3b
x1=—=alx2=—=3b
2 2
3x—2+3>4x—1/x15
5 3
9x —6+45=20x —5
—11x = —44
x4

4 1
If, for parabola y = f(x) = 3x” — 8x + ¢, the vertex is at (5 = 5) , then:

2
f(i)=—l=>3-(i) —8~(i)+c=—l=>E—2+c=—l=>c=EzS
3 3 3 3 3 3 3 3 3

The quadratic function f(x) = ax’ + bx + c:
i passesthrough (2,4)=f(2)=4
ii hasamaximum value of 6when x =4 = f(4)=6
iii hasazeroof x =4+2V/3= f(4+23/3)=0

The zeros of the quadratic function are symmetrical about the axis of symmetry, i.e. x = 4, so the other zero is
x = 4 — 23/3.The function can be written as:

fx)=a(x—(4+23))(x = (4—2v3)) =a(x - 4 - 23) (x — 4+ 2V3)
=a((x=47 - (23) ) = a (¥’ —8x+16-12) = a(x’ ~ 8x + )

Since f(Z):4:0(4—16+4):4z—8a:4:>a:—%

Thefunctionis:f(x)z—%(xz—8x+4)=—%x2+4x—2=>a=—%,b=4,c=—2.

The equation x° + 5x° + px + g = 0 can be written in the factorized form as:
(x—0)(x-20)(x- 0-3)=0=(x’ - 30x +20°) (x - 0-3)= 0=
X' =30x" +20°x — 0x’ +30'x =20’ —3x’ +9wx — 6@’ =0
X +(-40-3)x" + (50" +90) x + (-2’ - 60°) = 0
By comparing the corresponding coefficients, we obtain the following system of equations:
—4w—-3=5 w=-2
50° +9w=p =1ip=2
20 -6w'=q |9=-8
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6 The discriminant of the equation mx> = 2(m+2)x + m+2=0is
A=(=2m+2) —4m(m+2) = 4m* + 4m + 4) — 4m’ —8m = 8m + 16.
a The equation has two real rootswhen A >0 = 8m+16>0 = m > -2.

b The equation has one positive and one negative real root when A > 0 and the first and the last coefficients are of
opposite sign. We have two possibilities:

m>0andm+2<0=m>0andm < —2, which is not possible; or

m<0andm+2>0=m < 0andm < -2, which gives us the solution =2 < m < 0.

7 For the polynomial f(x) = x> + ax” + bx + ¢, we are told that:
i x—lisafactor=f(1)=0
ii x+1lisafactor="f(-1)=0
i division by x — 2 gives a remainder of 12 = f(2) =12
Therefore, we have the following system of equations:

T+a+b+c=0 a+b+c=-1 b= s

—1+a-b+c=0 ={a-b+c=1 = - =4 =-8-2+c=-8=c=2
3a+b=-7 3a-1=-7T=a=-2

8+4a+2b+c=0 4a+2b+c=-8

So:a=-2,b=-1,c=2.

8 |x|<5[x—¢
Since the expressions on both sides must be positive, we can square both sides and remove the absolute value signs.
x? <25(x—6)
x° < 25x” —300x + 900
24x° —300x + 900 > 0
6x° —75x +225> 0

_ /5% (=757 —4-6-225 _75%15

X
"2 2.6 12
9 15 60
_xlz—:—,xzz—:s
12 2 12

(x—5)(x—§)>0

We analyze the signs of both factors in a‘sign chart”:

15
5
< > X
x—=5 - 0 1 ! +
| |
15 !
X—— - : - 0 i
2 :
1
(x—S)(x—%) + 0 = 0 1

15
The solution is: x < 5or x > =



9 The equation 2x” + (3 — k)x + k + 3 = 0 has two imaginary solutions when its discriminant is negative.
A=(B—k’—4-2(k+3)=9—6k+k’—8k—24 =k’ —14k—15
k> —14k—15<0
(k+MN(k=15<0

We analyze the signs of both factors in a‘sign chart”:

-1 15
<t > X
k+1 - 0 A E 3
k—15 = ! = 0 1
k+)k=-15 + 0 — 0 +

The solution is: =1 < k < 15.

2 +8x+7 2%’ +8x+10-3  2(x’+4x+5)-3

10 a =— = 3 = 2
5g R AEE O XA S x+4x+5
3 3 3
= = :2— 3 = — >
X’ +4x+5 (x* +4x+4)+1 (x+2) +1

b i I|mf(x)=2

X—>too

i lim f(x)=2

x—>—c0

¢ The minimum value occurs when ;2 is largest, that is, when x = —2.
; (x+2) +1
A= ——
(=242) +1

The minimum point is (=2, =1).

11 The equation (k — 2)x” + 4x — 2k + 1= 0 has two distinct real roots when its discriminant is positive.
A=4—4(k-2)(-2k+1)=16—4(-2k" — 4k — 2) = 8k’ + 16k + 24
8k* +16k+24 >0
K> +2k+3>0

In order to factorize this inequality, we try to solve the equation k* + 2k + 3 = 0.
= —2+N2°—-4-3 -2%+-8

12 = -

' 2 2

Since this equation has no real solutions, the inequality is valid for all k € RR; so, the original equation has two distinct real
roots forall k € R.

12 When f(x) = 6x* +11x° — 22x” + ax + 6 is divided by (x + 1) the remainder is —20.
f-)=-20=6-11-2-a+6=-20=a=—1
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13 When p(x) = (ax + b)’ is divided by (x + 1) the remainderis —1= p(~1) = 1.
When divided by (x — 2), the remainder is 27 = p(2) = 27.

Therefore, we have the following system of equations:

{(—a+b)3=—1 {—a+b=—1 4 1

s = =30d=4=>a=—,b=—
(2a+b)’ =27 [2a+b=3 3 3

14 When f(x) = x* + 3x* + ax + b is divided by (x + 1) the remainder is the same as that when divided by (x — 2).
f(=1) =1(2)
—1+3—a+f =8+12+2a+

2—a=20+2a
3a=-18
a=-6

15 When f(x) = x* + ax + 3 is divided by (x — 1) the remainder is 8.

f=8=1+a+3=8=a=4

16 The polynomial g(x) = x* + ax’ — 3x + b is divisible by (x - 2) = g(2) = 0.
When divided by (x + 1) the remainder is 6 = g(-1) = 6.
We have the following system of equations:

{8+4a—6+b=0 {4a+b=—2

= =3a=-6=>a=-2,b=6
—|+a+3+6=6 a+b=4

17 The polynomial g(x) = x* — 4x + 3 can be factorized as (x — 1) (x — 3), so if g(x) is a factor of

f(x) = x° +(a—4)x" + (3 — 4a)x + 3, then both (x — 1) and (x — 3) are factors of f(x). We can use any of them in further
calculations:

f)=0=>1+a-4+3-4a+3=0=>-3a=-3=a=1
18 Given that (x + 2) is a factor of f(x) = x> — 2x* = 5x + k :

f(2)=0=-8-84+10+k=0=>k=6

19 If 1+ ki is one zero of the polynomial z° + kz + 5, then 1— ki is the second, and the polynomial can be written as:
(z=0+k)z-0=k)=((z=N=kD)(z=D+k)=(z =1 = (ki) =2 =22+ 1+ Kk

By comparing the coefficients, we see that k = —2and k” + 1= 5.

20 The equation kx* — 3x + (k + 2) = 0 has two distinct real roots when its discriminant is positive.
A =(=3)" — 4k(k +2) = 9 — 4k* — 8k

9—4k* -8k >0

4k +8k-9<0

| _T8ENE -4-4.(-9) -8+208 _ 81413 —2%V13
v 2-4 8 8 4

k ~—2.80,k, =~ 0.803
(k+2.8)(k —0803) <0




We analyze the signs of both factors in a‘sign chart”:

0.803

—2.80
k +2.80 - 0
:
k —0.803 — ;
(k+280)(k—-0803) + 0

The solution is: —2.80 < k < 0.803.

21 The equation (1+ 2k)x” — 10x + k — 2 = 0 has real roots when its discriminant is not negative.

A = (=10)> = 4(1+ 2k)(k — 2) =100 — 4(2k* — 3k — 2) = —8k* + 12k + 108

-8k’ +12k+108 =0
2k’ =3k=27<0
_3%(=3=4-2:(=27) 315

k, = =
" 2:2 4

k =-3k =

N | o

2(k+3)(k—§)s0

(k+3)(k—%)so

We analyze the signs of both factors in a‘sign chart”:

N | O

=3

k+3 - 0
:

k_g = 1
2 :

0

(k+3)(k—§) +

The solution is: -3 < k < %

o —-----

22 To determine the range of values of m such that, for all real x, m(1+ x) < x’ we transform the inequality into
x” —mx —m = 0 and observe the function f(x) = x* — mx — m.The problem is now f(x) = 0. Since the leading

coefficient is 1, the graph of this quadratic function opens upwards; thus:

A<O0=(-m)—4-1-(-m<s0=>m+4m<0=m(m+4) <0

We analyze the signs of both factors in a‘sign chart”:
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—4 0
m+4 - 0 1 E s
| :
m - - 0 <5
m(m+ 4) + 0 - 0 +

The solutionis: =4 = m < Q.

23 [5-3x <[x+1|

Since the expressions on both sides must be positive, we can square both sides and remove the absolute value signs.

(5-3x) <(x+1)

25-30x +9x° < x’ +2x +1

8x’ —32x+24<0
x*—4x+3<0
(x=Nx=-3)<0

We analyze the signs of both factors in a‘sign chart”:

- 1 3
x—1 = 9 + i 3
x-3 - i = 6 +
(x=1(x-3) + (I) - 0 +

The solution is: 1< x < 3.

24 x2—4+i<o
X

3
X +=<4
X

We will look for x € R so that the graph of the function f(x) = x* + El is below the line y = 4.

X

IHOOL Flotl Flokz Flokz

mmin=-5 =MIBEE+3SE

BMaxR=0 =N zB4

Aecl=1 M=

Ymin=-3 “My=

EmaT=T ng:l

scl= = :
wres=10 =Ne= III\I ﬁgt-*ﬁﬁg;'ﬂ' =y

For the right branch, we must

change the window to see th

e intersections.

THOOL
Hmlnf.ﬁ

-

InkgFseckion
n=1

N

N

InteFseckion
n=l.Z0277EE Y=H

The solutionis: =230 < x <0

orl< x <1.30.




25

26

be—2 =[x +1|

Since the expressions on both sides must be positive, we can square both sides and remove the absolute value signs.

(x=2Y =(Q2x+1)
X —4x+4=4x" +4x +1

3x2+8x—-3=<0

_ —8+8°-4.3.(-3) -8%10

B —
L 2-3 6

N
w | —

x1=—3,x2=g=

3(x+3)(x—%)$0
(x+3)(x—%)s0

We analyze the signs of both factors in a‘sign chart”:

-3 3
< > X
x+3 - 0 A E 3
1 : :
=3 = ! = 0 1
(x+3)(x——) + 0 = 0 +
The solution is: —BSx\%.
x+4
For f(x) = ,x #—land g(x) = ,x # 4 we have:
X+ X —
f(x) < g(x)
x+4 x-2
<
x+1 x—4
x+4_x—2$0
x+1 x-—-4
(x+4)(x—4)—(x—2)(x+1)<o
(x+1)(x—4)
X =16—x"+x+2
<0
(x+7)(x—4)
x——14so
(x+1)(x—4)
The 'sign chart’ for the inequality is: 1 4 14
S
x—4 - : - 0 +
x—14 - : - ' - 0
_ : ; |
sl e + X - 0
(x+1)(x—4)

The solutionis: x < —lor4 < x < 14,
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Solution Paper 1 type

27 |x+9

x—9
x+9
< =
x—9

We have two inequalities:

<2

-2 2

x+9 x+9
=

=_) and <2
x—9 x—9
X¥9 =0 **9_,<0
x—9 x—9
3x—9>0 _x+27<0
x—9 x—9
x—3>0 x—27>0
x—9 x—9

We analyze the signs of the numerator and denominator for the first inequality in a‘sign chart”:

3 9
< > X
1

x=3 - 0 A ! A
! :
1

x=9 = ! = 0 +
1
' '

x-3 ! 0

+ 0 = X 4F
w=0
The first solutionis: x < 3orx > 9.
For the second inequality:
9 27
< > X
1

x=9 - 0 + ! i
! :
1

x—27 - ! = 0 1
- .

x=2/ + X = 0 iF

=9

The second solutionis: x < 9 or x = 27.

The final solution is the intersection of the two solutions, i.e. x < 3or x = 27.

Solution Paper 2 type

- THOC

amin=-1@

HBMEN=30

necl=1

3m1n=é1
Max=

Yecol=1 I[ﬂ:':-z-:ti-:-n“‘":‘“‘““‘““““" ﬁtﬂ;;-zcti-:-n""‘f"“"‘"m

ares=10 H=d L Y=z




28 If x, = 2+ is the first root of the equation x’ —6x>+13x =10 =0, then x, = 2 —1iis the second root, and the equation
can be factorized as:

(x=Q+N)(x-2=-N)(x-a)=0
(x=2)=N)(x=2+i)(x-a)=0

((x =27 =7*)(

x—a)=0

(x* —4x+5)(x—a)=0
x> —ax’ —4x*+4ax+5x—-5a=0

X +(—a—4)x’ +(4a+5x—-5a=0

By comparing the coefficients with the coefficients of the original equation, we get:
(o] =4 = =6) = el S — (g =)
4a+5=13 = 4a=8 = a=2
—5a=-10 =ag=2

We see that we get the solution g = 2 from all the equations, so the third root is x, = 2.

Solution Paper 1 type

2
29 The inequality X 1canbe multiplied by the denominator since it is positive. Therefore: 2x < |x — 1|, x # 1.

pe = 1]

We have two possibilities:

Ifx=1>0,ie.x>1= x—1>2x = x < -1, which is a contradiction.

|fx—1<O,i.e.x<1=>x—1>—2x=>3x<1=>x<%,which is a solution.

Solution Paper 2 type

29 For the inequality i 2x1 i < 1, we will observe where the graph of the function f(x) = | 2x1 i is below the line y = 1.
x — x —
THOICLI Flotl Flotz Flots
Amin=-16 SRR absCH-1 0
nmax=18 ~WeE1
ﬁ5;1=15 x$3=
min=- wMy=
e
scl= W ES int ki
Ares=11 =N =l No.arararar M=t

1
The solution is: x < § .




Practice questions

1

a =4
a, =19
a, =99
4+4+3d =19

=d=5andn=20
44+ (n="1d =99
A=3000,r=006,n=4,t=6

nt 4-6
A:P(Hi) :3000:P(1+¥)
n

3000
= = 209863

:( 0.06)
14 220
4

You should invest €2098.63 now.

Nicks'studying hours form an arithmetic sequence with
first term a, = 12 and common difference

d= 2. Charlottes'studying hours form a geometric
sequence with first term b, = 12 and common ratio
r=1.1.

a a4.=0,+4d=12+4-2=20
b, =br*=12-1.1" =17.57

In week 5, Nick studied for 20 hours and Charlotte
studied for 17.57 hours.

15
b arithmetic1s — 7 [2 . 1 2 + (‘I 5 - 1)2] = 390
1.1° -1
SgeomemdS = ]2 _I _ &= 38] 27

For the 15 weeks, Nick studied for a total of 390 hours
and Charlotte studied for a total of 381.27 hours.

€ b >40=12-11">40=n>
0]

n>136

Charlotte will exceed 40 hours of study per week in
the 14th week.

d We need to determine n so that b, = a,. The easiest
way of doing this is by entering n (as X), a, (as Y7),
and b, (as Y5) into Table in a GDC.

Flokl Flotz Flok®
L2 CE=-1 021
WMeElEkl, 17 0R-10

W=

~My=

wNe=

~MNE=

A AT N # W W
P 1z 1z 7 z1.zE0
z 1y 1z.z g 8 £z.7HE
3 15 iyEz g | TEFET
CoE o |EE e fd o |HE
g ) 19325 I’lh 3y SyEE?
7 24 #1.ze0 1z k1 %7.661
=1 =1z

We see that in week 12 Nick will study for 34 hours
while Charlotte studies for 34.24 hours. So, Charlotte
will catch up with Nick in week 12.
4 Plan A forms an arithmetic sequence with first term

a, = 1000 and common difference d = 80. Plan B forms

a geometric sequence with first term b, = 1000 and

common ratio r = 1.06.

a b, =1000-1.06=1060g
b, =1000-1.06" =11236 g

b a,=a+11d=1000+11-80 =1880 g
b,=0b-106" =18983 g

. 12
ci s, =3(2c7] +11d) = 6(2-1000+11- 80)
=17280 ¢
=1 1.06" —1
i S,,=0b =1000 ——— = 16 869.9
2T 1.06 -1 J
5 a Theinitial amount forms a geometric sequence with

a, = 500 and common ratio r = 1.06 (fixed rate 6%
per annum).

After 10 years it will be worth:
a, =ar'® =500-106" =€89542 = €895 to the

nearest euro.
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b The future value is a partial sum of a geometric
sequence:

n_ 106" =1
Fv=a =t oq|=s00[ 18 =14
r—1 1061

=€6985.82 = €6986 to the nearest euro.
6 6,95, 13,...isan arithmetic sequence with
a,=6andd =35.
a d,=0a+39d=6+39-35=1425

b s, = %[za1 +(103-1d]

=%(246+102-3.5)
=19003.5
7 Fora, :ﬂ:
a,=1a = #87 fa3 Y87y =1
01:2,02:@:0,03:38—03:2

8 The training programme forms an arithmetic sequence
with g, =2and d = 0.5.
a a,=20=22+(n-1-05=20=>n=37

She first runs a distance of 20 km on the 37th day of

her training.
37
b S, :?(2-2+36-O.5)= 407

The total distance run during 37 days of training
would be 407 km.

24OO 3600 3

1600 2400 2
b The number of new participants in 2012 is the 13th

term in the sequence.

3 12
=@t = 1600-(5) =207 5%

n—=1
¢ ag,>50000= 1600(%) > 50000 =

n-1
(i) o B BT Dy
2 log1.5

n>9.489

The 10th term of the sequence will be greater than
50000; therefore, the number of new participants will
first exceed 50000 in 2009.
d S.=q S P
r—1 1.5-1
e This trend in growth would not continue due to

= 619582

market saturation.

10 q =25
a4:13:aw+3d:13z25+3d:13:>d:—4
-11995 = g, +(n—=1)d = -11995 =
)(—=4) = —11995 = n = 3006

Mo

2
2
b Area,p = [g) =3

1Y (1 N2 11
C IRS — aF|| =o=— = —-_t — = —
272 2 2 8 8 2

25

11 a

12 Tim's swimming programme forms an arithmetic
sequence with g, = 200 and d = 20.

a a,=a+51d=200+51-20 =1220

Tim will swim 1220 metres in the final week.
52 52
b S, :7(201 +51d):?(2~200+51-2o): 36920

Altogether, Tim swims 36 920 metres.

3 2
Area,, = (5) =1
Y 1
Area_, =(—) ==
3 9
Y
b Area_ =(—) =—
9 81

€ Shadedarea, =14+8-—=1+—
9 9

13 a

Shaded area, = Shaded area, + 8 %

2
d ShadedareaN=1+§+(§) +.=— ! =9
9 \9 1§
9
=0

Unshaded area_ = 9 — Shaded area_



14 a i Theseries2+ 22+ 222+ 2222 + ...is neither

arithmetic nor geometric.

4 1
ii Theseries 2+ —+ 8 + 1 + ... is geometric with

9
P = §< 1; thus converging.

iii Theseries 0.8+ 0.78 +0.76 + 0.74 + ... is
arithmetic with d = —0.02.

32 128

. . 8 : :
iv Theseries 2 + —+ —+ — + ... is geometric

with r = e > 1; thus diverging.

2
b For seriesiiwe have: S_ = — = 6.
“ —
3
15 The Kell scheme forms an arithmetic sequence with
a, =18 000 and d = 400. The IBO scheme forms a

geometric sequence with b, = 17 000 and r = 1.07.

a Allanswers are in euros.
i Kell: a, =18 000 + 400 = 18 400,
a, = a, + 400 = 18 800
IBO: b, =17000-1.07 =18190,
b, =b,-107 =19 46330

1
i Kell:S, =?O(2-18OOO+9~4OO)

=198 000
1BO: S, = 17@@@%
107 -1
=234 879.62
iii  Kell:a,, = 18000 +9 - 400
= 21600
IBO: b, = 17000 -1.07°
=31253.81
b i From aiiwe can see that b, > a,, so Merijayne

will start earning more than Tim in the third year.

ii  We can compare their total earnings with
the help of a GDC. If X denotes the year, Y,
represents total earnings for Tim and Y, for
Merijayne, we have:

f.}°tailg<1°t22:-f:15t31aaa r_:x: o i
0 q - +

A+ 1 2k EE A toao | dEian
WWE1TERRRCYL, BT | spond | sphsE
-1asC1.87-12 E ayan | 877G
wHar= [ 1400 | 1z1606
Wy = 7 13y40n | 147118
wHE= =1

In the fourth year, Merijayne’s total earnings will
exceed those of Tim.

o

16 The number of seats in each row forms an arithmetic
sequence with g, = 16 and d = 2.

a a,=0+23d=16+23-2=62
24
b 5, =16+18+..+62=—(16+62)=936

17 The values of the investment after each year form a
geometric sequence with g, = 7000, r = 1.0525, and
a,., represents the value of the investment after n years.

a Value of investment = 7000 - 1.0525°

b 7000-1.0525 =10000 = 1.0525' = g =

log (E)
_ /) _
~ log(1.0525)
The minimum number of years is 7.

¢ |Iftherate of 5% is compounded quarterly, the value
of the investment over 7 years would be:

7000-(1+ >
4-100

7.4
) = 9911.95.

For 5.25% compounded annually, the value of the
investment would be 7000 - 1.0525” = 10 015.04.

Therefore, the investment at 5.25% annually is better.
18a 5 =9=0q=9
5,=20=0a+a,=20=>9+a,=20=a, =11
b d=ag, -a=11-9=2
¢ ad,=a+3d=9+3-2=15
19 [g,=a+d=7
4
54=5[2a+3d]=12

{a+d=7

=ag=15d=-8
20+3d=6

20 (1+x) (1+ax)° =1+ bx +10x” +...+ a’x"
(14 5x +10x” +10x” + 5x* + x°)(1+ 6ax + 15a°x
+20a’x® +15a*x* + 6a°x° + a°x°)
=1+bx+10x>+...+ a°x"
1+ 5x + 6ax +10x° +15a°x” + 30ax” + ...+ a’°x"’
=1+bx+10x" +...+ a’x"

By comparing the coefficients of the same powers of x,

we get:
5+6a=>b
10+15a° +30a = 10

aa+2)=0=>a=-2,b=-7




Chapter 4

6 1 )7 > 7 - ( 1 )i
c =— 28 | x + = X
21 |a;:a, 13 ( ax’ go' i ax?

a,-d, =32 7 1Y 1 21x
i=2= x7'2( )=21x5~ 2
at4d _ 6 _ _ -, (2] ax’ axt  a
a+11d 13 M7
ala+2d)=32=52d - 4d = 32 = —=3=d=9=a=30><3
d = 2 (all terms positive),a = 4
a 27 27(1=r)
Sipo = (2:4+99:2)=10300 #S.=1 =51 5
1=
22 22n—-3n—-n=18n=9-2n which is clearly divisible by 9 S;=a : =13
—r
forn=1,2,.... -
27T~g) 1-r° ; 1
~ = =13 =>r’=— =>r=-=,a=9
23 g, =5 2 1\( 3
a,=a0+d=13=d=28 6
30 Student A can get 1 coin in ( )vvays
a a,=a+(-0Nd=5+(n-1-8=8n-3 1
6
b a, <400 = 8n-3 <400 = n < 50375 Student A can get 2 coins in (2) ways
There are 50 terms which are less then 400. 2
10 Student A can get 3 coins in ( ) ways
24 2+3x)° = 2( 10 Jz”/(ax)' .
i=0 6
Student A can get 4 coins in ( ) ways.
. 10 Y5107,y ’ 4
i=7= = 2"7(3x)" =120-8-2187x
6
B Student A can get 5 coins in ways.
=2099520x 5
The coefficient of x” is 2 099 520. Altogether, there are
2 ° ° ° ° ° 6+154+20+15+6 =62
=3n" - + + A A =6+15+20+15+6 =
25 SE=Bn==hi=> 1 5 3 4 5
S=u=31T=-2-1=1 ways.

S,=u+u,=u+u+d=3-2-2-2=8=

31 This is an infinite geometric series with:
2+d=8=d=6

2
U, =u+Mn-Nd=1+(n-1-6=6n-5 a]=—12,r=—§.So:
26 Six people can be ordered in 6! ways, but, as they are s 4 12 =36
seated around a circular table, all circular permutations 1=r 44 2 >
3

that come in groups of six (ABCDEF, BC]DEFA, CDEFAB,...)
are equivalent, so there are actually — ways. As Mr Black ~ 32 Foru, =3(4)"",ne Z":

and Mrs White should not sit together, we must subtract a u=48r=4
. . . . . P 4!’7 _-I
all circular permutations in which this pair is regarded as b 5 =48 =16(4" — 1)
one person, but multiplied by 2, because a male can be -
o6r1I the Ileft or right of the female. Altogether, there are 33 For the infinite geometric series
———:2=120-24-2 =72 ways. 2x 22\ (2x)
6 5 1+(—)+(—) +(—) Ao
3 3 3
27 Firstly, we must determine which is the last positive term Ix
in the sequence. a g=lr= 3
a,=85d=-7

The series converges for
a,=85+(n-N-7)>0=92-7n>0=n<13.14

|r|<1:>2x

3 3
13 | l=z==xu<=
Forn:13:>513:?[2485+12.(—7)]:559‘ 2 2



b x=1.2:>r=¥=i
3 5
1
SE=——11—15
4
5

34 There are 9999 — 999 = 9000 four-digit numbers.

Without digit 3 there are 8-9-9-9 = 5832 numbers.

So, with at least one digit 3, there are
9000 - 5832 = 3168 numbers.

35 For the arithmetic series we have: g, = 2,d = 3.

n n(3n+1)
a S, =2[2+0n-1-3
=222+ (0-1-3= 2
b Sn=1365:>n(32+1)=1365:>

30’ +n-2730=0=

—1£ 17 =4-3-(=2730)
n= =30, — 2
2-3

opreg J(——x)
e

The coefficient of x* is —7.

37 ZIH Zrln |n22r

r=1

—(In2)[ 2+49)]
=1275In2
38 Foru, =l u =2,u,,=3u, —2u_,neZ" :

a u,=3u-2u,=4
Uy =3u, —2u, = 8
U, =3u; —2u, =16

b i u =2
i 3u —-2u_,=3-2"-2.2""

=3.2"-2"
=2.7
=2" =y

n+1

39a (S, =a+ar=15
a

S.=——=27
1—r
al+r)=15
=
a=27(1-r)

270=n(1+nN=15=27(1-r)=15=

»_ 4 2 iti
P = e == E (all terms positive)

b a:27(1—§):9
3

40 For the arithmetic sequence 2,a—-b,2a+b+7,a—3b,
the difference must be constant.

So, we have the following system of equations:
(a-b)—2=Q2a+b+7)—(a-0b)
{(a—Bb)—(Za+b+7}=(2a+b+7)—(a—b)
a-b-2=a+2b+7
{—a—4b—7:a+2b+7

3b=-9
=a=2b=-3
a+3b=-7

41 et A and B denote the two oldest children that cannot
both be chosen. Four children can be then be chosen as
4 out of 6 (without A and B), or as 3 out of 6 and 1 out of
2 (A or B). Altogether, there are

6 6\(2
o =15+ 20-2 = 55 ways.
4 3\

42 Asa, 1, b form an arithmetic progression, the difference is
thesame: 1—a=b-1.

As1,ab forfr)n a geometric progression, the ratio is the

a
same: — = —.
1 a

We solve the following system of equations:
T—a=b-1

1
a+b=2 ,

=>a +a-2=0=@—-Na+2)=0
a

=a=1lora=-2
As a =1 gives b =1, the solutionisa =-2,b = 4.

43 \We can see that:
OB=0A=1

cose=% = OB, = OA = OAcos 6 = cos 6
OA
08B, 2
cos 0=—= = OB, = OA, = OA cos 8 = cos” 6
OA

cos 9= = OB, = OA, = OA, cos = cos’
OA

2
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The radii form the geometric sequence 47 Let S(n) be the statement: 5" + 9" + 2 is divisible by 4, for
1,cos 6, cos” 6,cos’ 6, .. neZ.

As the length of the arc is equal to 6 radius, the sum of
the arc lengths is:

AB+ AB +AB, + AB, +..=

Basis step:
S(1):

. S, =4n’ —2n
+ + ‘0+ O+ =———
0+ 0cos 6+ 6cos O+ Ocos 6 1—cos 0 5' +9' 42 = 16 which is divisible by 4.
44 ForS =2n’ —n,n e Z, we have; i
" Inductive step:

a S=y=2-T-1=1 Assume S(K) is true, i.e. assume that 5 + 9 + 2 is
S,=u+u,=2-2-2=6= divisible by 4. So, we assume that
U+U,=6=1+U,=6=U,=5 5540 42 =4AAcZ ()= =4A-5 —2.
53=u1+uz+u3=2'32_3=15:> Then Stk+ 1):

U+ U, +U,=15=1+5+u,=15= u,=9 S5 L O 4 D =5 L 9. (4A—5—2)+2

b C e , , =5-54+36A-9-5-18+2
u =S - =2 —n—|2(n—10 —(n—1
o =i 2 [2n =0 —tn=1] =36A-4-5"-16

=20 —=n-[2n" = 4n+2-n+1] WA —4)
=4n-3
ie. 549" + 2is divisible by 4.
5
5 _ 5 5—i i _
452 (2+x) _204[ i )2 * = This shows that S(k + 1) is true whenever S(k) is true.
( (5) JZS_OXO +( ? JZS_]’CW +( g )x”xz +( g )25'3x3 Therefore: 5" + 9" + 2 s divisible by 4, for n € Z.
48 For an arithmetic sequence with S, = 4n’ — 2n we have:
5 o 5 9
+(4)2S4x4+(5)255x5 Uy=5,-S5=(4-22-2-2)—(4-% =21

=12-2=10
Uy =Sy = Sy = (4m* =2m) =[4(m =17 = 2(m = 1]
=4m’ =2m—[4m* = 8m+4 - 2m + 2]

=32+5-16x+10-8x> +10-4x° +5-2x* + x°
=32+ 80x + 80x° + 40x° +10x" + x°

b 207 =(2+001°=32+80-0.01+80-007

=8m-6
3 4 5 _
+40-007 +10-0.01* + 007 =32+ 0.8 +0.008 Uy =S, =S, = (4-3= 2 —2.32)— (437 —2.3)
+0.000 04 + 0.000 0001+ 0.000 000 0001 — 250

= 32.808 040 1001

i o As they are consecutive terms in a geometric sequence,
46 The interest is paid yearly. For n years, rate r = 0.063, and

o the ratio is the same.
principal P = 5000 after n full years:

) ) 8m—6 250
b A, =5000(1063) = 678635 (8m—6)° = 2500 =
. 8m—-6=50=>m=7
¢ i 5000(1.063)" >10000
i (1063 205 n>—92 _1135
log 1.063

The value will double after 12 full years.




Practice questions

1 a Tofindthe x-coordinate of P we have to solve the equation:
2—log, (x +1)=0=log, (x+1)=2 = x+1=3" = x = 8. So, the point is P(8, 0) and it's x-coordinate is 8.
b We will find the y-coordinate of Q by finding the value of the function for x = 0:
2—log, (0+1)=0= 2-log, 1= 2; hence, the y-coordinate of Qs 2.
¢ The y-coordinate of Ris 3. To find the x-coordinate of Q we have to solve the equation:

2
2-log, (x+N)=3=log, (x+)=-1= x+1=3" :x:—g.Hence,thepointis R(—%j).
5

673.6

2 a We have to solve the equation A(800) = 5. Hence, 5 = A e "% = A =
A0 - HE4SEERED

182.9911722

=~ 183.

So, approximately 183 grams were present initially.

A

b We have to solve the equation A(t) = 7 Hence,

1
In(f)
1 1
% = /‘\0670’0045'r = 5 = 0B o | (5) =—-00045t = t = 2 =~ 154.

So, the half-life of the substance is approximately 154 years.

) 183 00045-
Note: We could have started by using the result from a such that we would have to solve: — = 18377,
However, it is better, if possible, to use only the data given in the question text. In this way, possible mistakes made in
previous calculations are not carried through a problem.

3 a Using the properties of logarithms, we can write the terms of the sequence differently:
Iny+Iny’ +Iny’+..=Iny+2Iny+3Iny+.. Now, we can see that the sequence is arithmetic with first term
u, =In y,and common difference d = 2In y —In y =In y.Hence, u, =In y +(n—1)In y. Using the property of
logarithms, we can simplify this expression: u, =Iny +(n=1Iny =1-Iny+(n=7NIny =0+n-NIny=niny.
n(n+1)

Sum of S, :g(lny+lny”):gln(yy"):glny”” :g(n+1)|ny.50,5n = Iny.

b Using the properties of logarithms, we can write the terms of the sequence differently:
In(xy) +In(xy”) +In(xp°) + .. = (nx +Iny)+ (Inx+2In y)+ (Inx +3In y) + ..

We can see that each term of this sequence matches the corresponding term of the sequence in part a plus
n

R | < +1
Inx. Hence, u, =Inx +In y", and the sum: S, :Z(Inx+|ny’):zmx+2|ny’ =nlnx+ n(n2 )Iny,
i=1 i=1 i=1

4 Using the properties of logarithms, we can transform the equation:

log, (5x* —x = 2) = 2+ 2log, x = log, (5x* —x — 2) =log, 4 +log, x* = log, (5x” — x — 2) = log, 4x’
Sx'—x—2=4x" =3 x —x-2=0=>x,=-lx, =2

Since, log, x is not defined for —1, the only solution is x = 2.
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. 241 E
5 We can determine the value of x: x =log, 472 =log, 2" ? = log, 2? = >

From log, y = 4 we can conclude that: y = z*.

5 _5
From the third equation, we can conclude: z* =4~(E) —25—6+z=25—5—6+z=14+z=>z4—z—14=O

We will solve this equation using the PolySmlt/PolyRootFinder application:

ayx"y+,. +aix+ag=H
ay=1
az=H
az =M
ai=-1
an=-14

ayx"y+,. +aix+ap=A
=1 =-1.8663697E
we =2
=% =NONKEAL
<y EINONKEAL

MAIN|DEGE | CLE|LORD[SOLYE

HAIn|COEFs[sTOaf£TOx[ET O

From log, y = 4, we can conclude that the base of the logarithm should be positive; hence, z =2, and thus y = z' =16.
6 Transforming the equation: 2e*" —7e” +7e' =2 = 2e* —7e" +7e' —2=0

Grouping the terms with the same coefficients: 2 (e” = 1) =7 (e* —e') =0 = 2(e* —1)-7¢' (¢' =1) =0

Using the formula for the difference of cubes:

2(e" =1 (e +e +1)=7€ (e =1) =0 = (e =) (2 +2¢' +2-7€') =0 = (¢' = 1) (2" =5¢' +2) =0

Hence, either ' —1=0= ¢’ = 1=t = 0, or 2¢”" — 5¢' +2:O:>2(e[)2 —5¢'+2=0.

,s, = 2; therefore:

. : — 1
We can solve the second equation by using a substitution: e’ = s = 25 =55 +2=0= s, = 5

1 1
e[=5=>t=|n5,oref:2:>t:|n2.

Solutions are: t =0, In % In2.
7 Using the substitution In x = t:

—2et+4e’ +32¢° —2etbe

8’ —2et=t" =t +2et -8’ =1, =

=t =—4et, =2e

2 2
Hence:
Inx=—-4e=>x=e"
INx =26 = x =e*

log, 3

+3=0

8 a Using the change of base formula: log, x — 4 +3=0=log, x — 4

log, x log, x
Multiplying by log, x : (log, x)° — 4 +3log, x = 0
Using the substitution log, x =t: t* +3t—4=0=t, = —4,t, = |
Therefore, the solutions are:
log;x=—-4=>x=3"=—
93 31
log, x =1=x=3

- . . 1 :
We can see from the original equation that x has to be positive and x # 1,50 x = v and x = 3 are both solutions.

b Using the properties of logarithms:
log,(x = 5)+log,(x +2) =3 =log,(x = 5)(x+2)=3= (x=5)(x+2)=2" = x’—3x-10=8

The solutions of the quadratic equation are 6 and —3. Since x has to be greater than 5 (for log,(x —5) and log, (x + 2)
to be defined), the only solution is x = 6.




9 a First using the property k log, M = log, (/\/lk) and then the properties of the sum and difference of logarithms, we have:

2,3

b
2|oga+3|ogb—|ogc=|0902+|ogb3—|ogc=|og(azb3)—|ogc=|oga .
c

b First using the property klog, M = log, (/\/Ik) and then In e =1, and, finally, the properties of the sum and difference
of logarithms, we have:
1 3

3|nx—%|ny+1=|nx3—InyE+|ne=(|nx3+|ne)—|n\/;=|n(ex3)—|n\/;=|nei,

Jr

10 Given that A(t) = 0.79A4, we have to solve the equation: 0.794, = A,e**'"**. So, we have:
In0.79

0.79 = % = n0.79 = -0000 124t =t = 0000194 = 1900 years.
Inl. V95 -.BER1Z4 ‘
19668, 9236551

11 cis solution of the equation: 0 =log, 2x —3)— 4 = log, 2x —3)=4 = 2x-3=3" = 2x =81+3 = x = 42
So, c=42.

12 a A b A

y=>b"

(=1, b) 1,b) 0, b)

1 ©.1)

" 4
=Y

t

N
13 a Since its half-life is 1600 years, the exponential decay model is: A(t) = A, (5)1600 . So, we have to solve:
t

Vi
A (_)]600 = A,e™. Since the equation holds for all t, then:

2
B B
(l)m —e* =1n (1)1600 TP (1) ~ 0000 4332 (4sf)
2 2 1600 (2
-1-1 el
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4000

A 1 Y1600
A(4000) °\2

] 250
b We have to find: = = (—) =0.1767766.. = 17.7%
A A, 2
Note: We would get the same result if we used A(t) = A,e"****. Using the result from a, we have:
6*0.00043324000 ~ 6*1.7328 ~ ]77%

14 This equation cannot be solved exactly, so we will use a GDC. We transform the equation: e™* = x — 1. We know the
behaviour of both functions, so we can determine the number of solutions on the graph, and hence find all the solutions.

Flatl Flatz Flot:
R = Sl

MYz EE-1

wMz=

wMy= i

wMe=

wME=

wMr=

So, there is only one solution:

e

—

£C
1.27E4645 IY=2PBY4E4EY | Solutionis: x = 1.28.

Note: If we graph the original equation to find the zeros, we can't be sure that our window is good enough to find all the
values.

Flatl Flatz Flot:
“MiBet il mEa—E+1
wMe=
W=
wMy=
wMe=
“ME=
wMp=

In this case, we will find the solution:

ZRFu
w=l.z7FA4ENE V=0

15 This inequality cannot be solved exactly, so we will use a GDC.
Flokl FlakZz Flobz

§¥1Eah5i.1H3—EH+ H#ff*’
WY zB1o90x —
W= ™

“My=

wMe=
wME=

We have to change the window to see all the regions where the logarithmic function is above the graph of the absolute
value. We will take into account that the logarithm is defined for positive values, and that the equation 0.1x”* — 2x +3 =0
has two positive solutions (x, = 1.64, x, = 18.36), so the absolute value function will decrease to zero once again.



HMin
mmax=3a
nscl=1

“min=-1
“Ymax=1H
wscl=1 ) Bk 5 Lt e
srres=1 r =i.Ez4ANz7  Y=.1RZ1RANY

THOOH

wFseckinn ﬁgters

ki (1
=1.7/AC1B6% YW=.ZE1GAZEY 17506061 ¥=1.2451i6BA 19400018 ¥=1.zBi0zZ8

So, the first interval is 1.52 < x < 1.79 and the second is 17.6 < x < 19.1.
Hence, the solution setis: ]1.52,1.79[ U ]17.6,19.1

16 This inequality cannot be solved exactly, so we will use a GDC.

Flobl Flokz Flok®
W BERe RS ORE-] kﬂ

wMe=
“ME=

X

The function f(x) = fe
x° =1

graph of y = f(x)is above the line y = 1; hence, x > 1 is in the solution set.

has vertical asymptotes x = =1, x = 1; 5o, we have to explore three regions. For x > 1, the

For —1< x < 1, we have:

THOOL]

amin=-1

mmax=1

nscl=1 — —
“min=-5

Ymax=5

wscl=1 Intgrseckion
srres=1 d=- AN0EFE [v=1

So, for =1 < x < —0.800, the graph of y = f(x) is above the line y = 1; hence, —1< x < —0.800 is in the solution set.

For x < -1, the graph of y = f(x) is below the line y = 1; hence, there are no solutions for x < —1.

THOOL]
amin=-5
mmax=-1
nscl=1
“Ymin=-3
Ymax=2
Wel=1
sres=1

So, the solution set is: -1, —0.800[ U |1, +eo [

17 a  Transforming the equation: 2(4*)+4™ =3 =2 (4*)+4LX =3=2(4) -3(4)+1=0

Using the substitution 4* =t: 2t* =3t +1=0=t,=—,t, = |

1
2
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Hence,

x 1 x - 1

4'=—=4"=425x=—=
2 2

4*=1=x=0
1
Ina—2
Note: Instead of taking In from both sides of the equation, we can take log, . Then we will have:

bi adg=¢""=ha"=2x+1=xha-2x=1=x(na-2)=1=x=

2x+1)

— S2x+] _ ( _ _
a*=e"" = x=log, e = x =(2x+1)log, e => x—2xlog, e =log, e

log, e
= x(1-2log, e)=log, e =>x = —2——
( 9, €) =log, 1-2log, e
- . ' . log, e .
ii  The equation will not have a solution when =i is not defined. Hence,
- Oga €

1 _
1—2|ogae=0:>|ogae=§:>e=a2 =e’ =aq
18 Transforming the equation:

22”3=2"”+3:>23-22*—2-2"—3=o:>8~(2*)2—2~2*—3=o

1 3
Using the substitution 2* =t: 8-" =2-t—=3=0= 1, =—§,t3 =7

Hence,

1
2t =— E has no solution

3 3
2F :Z:leogzZzlogz3—|ogz4:|0923—2;so,a:—2andb:3.

19 Using the substitution Inx=t: 2t =3t — 1= 2t =3t +1=0 = t, = —, t, = 1. Hence, the solutions are:

1
1 2 ’
1 _
|mc=§:>x=e2 =e
hx=1=>x=¢e
20 a We use the exponential function for compound interest: V(t) = 100 (14 0.05) . The value after 20 years is:

V(20) = 100 (1.05)° = 265.33 (dollars). r
5
b We use the exponential function for compound interest: A(t) = 100 | 1+ % , where time is given in months. So,
we have to solve A(t) > 265.33.
1Y 241Y 241 241
100 (1 H —) > 26533 = (—) = 26533 = tlog — > log 2.6533. Dividing the inequality by log —
240 240 240 240

log 2.6533

(which is positive), we have: t > = 234.68. So, the value of the investment will exceed V after 235 months.

Note: Since we are not looking for the exact solution, we can solve the inequality using a GDC. We are looking for the
smallest value, so we will use Math/Solver.

E@i_ﬂﬂﬂm RUATION SOLVEER |16
r euniA=1E0EA01+1.-24 -E
1

B h-2685. 350

This process is much quicker than solving algebraically.



21 We will use the change of base formula:

log, 5
9|ogsx=2sloi

= 9log, x =25

25
= 9 (lo *=25=(lo ==
0g; x log. x ( % x) ( 9 x) 9

Hence, the solutions are:
5

5 2
|og5x:—§:>x:53

5 £l
|oggac=§:>ac=53

22 From |In(x + 3)| = 1 we can conclude that either In(x + 3) = =1, or In (x + 3) = 1. Hence,
1
IN(x+3)=-1=x+3=¢'=>x=¢'-3=--3
e

INn(x+3)=1=x+3=¢' =>x=¢-3

23 Since the equation cannot be solved algebraically, we will use a GDC.

Flokl Flokz Flokz
“NiBabsceti2E-1
CH+2a0

~NeB2

x$3=

“My=

wES . Inkersec
“MeE= w=-c.E0ipBYy V=2

Inkerseckion | Inkerseckion
=-1.E11B6

B I'f=z W=4z07Ee7 IY=2
So, the solutions are: —2.50, —1.51,0.440. 1
Note: We can transform the equation and reduce the task by solving two equations graphically: e — P -2
X
1
and e — =
x+2 .
24 Since the number of bacteria double every 20 minutes, the exponential growth model is: n = 650 (2)20 . So, we have
s 1 1 1 In2

to solve: 650 (2)20 = 650€". Since the equation holds for all t, then (2)0 = " = In(2)2 =k = k = > In2= >0

25 a Using the property of the sum and difference of logarithms, we have:

Fx) = In x +In(x — 2) ~ In(x? — 4) = In (x(x — 2)) ~ In (& — 4) = In 222,
(x" = 4)
: : x(x —2) X
Applying the formula for the difference of squares, we have: In =In

(x=2)(x+2) x+2
Note: We can apply the formula for the difference of squares immediately and then apply the formula for the
logarithm of a product:
flx)=Inx+In(x=2)=In((x = 2)(x+2)) =Inx +In(x —2)=In(x —2) = In(x + 2) = Inx — In(x + 2) . Finally, we apply

the formula for the difference of logarithms: f(x) =Inx —In(x +2) =In

x+2
b Switching the variables, x =In " , we have:
Y
X y X x X X 5% _Zex =1 _26)(
ef=—— e +)=y =yt —y==-2e" o ylef—1)==-2e" = y= .Hence, f~'(x) = .
y+2 yra=y=y 2/ y( ) / e’ -1 & e* —1
Note: If we transfer the y-values to the other side, or if we multiply both the numerator and denominator

2e”

=@

in the result by —1, the formula will be: 7' (x) =

Z o
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26 a i [FigEL Fletz Flots
MR CEI—-1-H
wMz=
W=
“My=
wMe=
wHe= Hinirum
o H=r.6B37E-7 [Y=3.46BE-13

From the data, we can conclude that the minimum value of f(x) is O.

ii  From parti, we can conclude that f(x) = 0 for all x; hence, e* —1—x =0 = e* = 1+ x for all x.
1 1 1
b Let P(n) be the proposition: (1+ 1)(1 + E) (1 + E) (1 + —) =n+1.
n
Basis step:
P(1)istruesince (1 +1)=2and, forn=1,n+1=2.

Inductive step: 1 : 1

Assume P(k) is true for some integer k = 1, thatis: (1+ 1) (H_E) (1+§)...(1+;) =k+1.

Then: (1+1)(1+l)(Hl)...(Hl)(HL)=(k+1)(1+L)=(k+1)kHH =(k+1)+1
2 3 k k+1 k+1 k+1

Thus, using the fact that P(k) is true, we establish that P(k + 1) is true, and so P(n) is true for all integers n = 1.
oy o0 11 1
c Firsttransform: e 2 3 70 = ple2e3 | en

Now we will apply a ii:

el ! 11 ! 4 1 1 1
e 23 n=ele2ed . en 2(1+1)(1+—)(1+—)...(1+—)
2 3 n

1 1 1 el
d1+—+—+m+—>100:>e123 n>e
2 3 n

Using the result from part ¢, we can see that any integer greater than e'% s a solution.




Practice questions

2x 3
—4x x

det(A)=14=2x"+12x =14 =>x’+6x-7=0=x,=—7,x, =1
So,x=-7orx=1.

2
2 a M= a2 _[a?2 a2 |_|a+42a-2
2 =1 2 =1 2 =1 2a -2 5

_ 2 _ _ ‘+4=5
b =l 5 2| a+420-2|_[ 5 4|9
-4 5 20—-2 5 -4 5 20—2=-4

The solution a = —1 satisfies both equations.

1 det(A) = =2x-x—3(—4x) = 2x* +12x

2 -

sz;(q —2)=_l(—1 —2)
det(m)\ -2 -1 30 -2 -1

The system of equations can be written as:
Mx=—3:>x=M_1—3:>x=_l—1—2 =313 1
y 3 y 3 y 3\ 2 -1 3 30 3 =]
Therefore, the solutionisx=1, y=—1.
3 ga=| "2 |anda=| 2?2
44 8 20
A-‘:_l 0 =2
4\ -2 5
g2 o I 2o =2)__1f 4 12)_(13
44 8 4l 448 )\ =2 5 4\ —16 —48 412
4 AX+x=8=| 3
-5 6

- 3a+c  3b+d +ab:48:> 4a+c 4b+d _[4 8
—5a+ 6¢ —5b + 6d cd 0 -3 —5a+7¢c =5b+7d 0 -3

By comparing the corresponding elements, we obtain two systems of linear equations:

-1 2
Fora——1,wehave:( J

4a+c=4 4b+d =8
—5a+7¢=0 —5b+7d =-3
28 20 59 28 28, .59 20 _28
G—E,C—g b_ﬁ’ = So,a—33,b—33,C—33,andd—33.

s A=(5—2)
7 1 -

a a1 (v 2 (1 2)_|199
s+14( -7 5) 190 75)7| =7 5
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b i XA+B=C=XA=C-B= X=(C-B)A"
2
9 1 (=n-7) 12 1( 38 —57 ) 3
5 _E(—B 9 )(—7 5)25(—76 19 ]=(_4 1 )
19

X =
1
()|
-8 7 5 -2 -7
5
- A+B=(a bJ+(12)=(a+1b+2j b AB:[abJ(12)=(a+bd2a+bcj
c 1 dc c+d c+1 c 1 dc c+d 3c

7 a UsingaGDC

LHI LH]-1
[[1 -3 11 [[.1 4 .11
[2 2 -1] [-.7 .2 .3]
[1 -5 311 [-1.2 .2 .21]
|| ||
b The system of equations can be written as:
X 1 X 1
Al y [=] 2=y |=A"] 2
z 3 z 3
For A as above and we have:
LE] LHI-TLE]
[[1] [[1.2]
[2] [.& ]
[3]11] [1.56]1]
|| ||
The solution is: x-ﬁ y=2,2=§
5 5 5

1 24 52 (-9 6 =2
a =—(2C D)=~ == = 14-a
3 1 7 -1 a 3\ 3 14-aqa 1 3
b o245 2 —10 4—4+4a —14 4g-4
1 7 -1 a - 2+7a -2 7a+2
c D= 5 2 1 a —2
-1 a 50+2 1 5

9 a IfAistheinverse of matrix B, then AB = BA = | must be satisfied. So, we have:

8 Given C=(_]2 4),D=( 5] 2),and3Q=2C—D,vvehave:
a

a —4 -6 12 =2 a—6 2a—4b—-6 —2a+14 1700
AB=| -8 5 7 3b 1 |= 0 56 -9 0 =010
-5 3 4 -1 1 =3 0 3b—6 1 001
1 2 =2 a -4 -6 a—=6 0 0 100
BA=| 3 b 1 -8 5 7 |=| 3a-8b-556-9 7b-14 |=| 010
-11 =3 -5 3 4 —-a+7 0 1 001

By comparing the corresponding elements, we can see that the solution a = 7, b = 2 satisfies all the equations.




b The system can be written as:

X 5 1 2 =2 X 5 X 1 2 =2 5
Blyl={lo0o|[=| 321 |lyI[=l0o]|=]|yI|=| 321 0
z 6 -11 =3 z 6 z -11 =3 6
Since AB=BA=1= B = A, then:
x 12-2) (5 7 -4 -6\ 5 -1
Yy =] 3 2 1 0 (=] -8 5 7 0 [=]| 2
z -1 1 =3 6 -5 3 4 6 -1
The solutionis:x=—1,y=2,z=—1.
10a AB=C=B=A"C
b i For:
[ol [A] [OTTA]
[[-4 13 -F] [1 2 31 [1 @ @]
[-2 7 -4] [2 -1 21 [A 1 @]
[Z3 95311 [3 -3 21 [A A 11
|| || | |
ii MatrixB=A"C.
[RT-TICI ]
[-1]
211
An=+>[B1N

¢ The coordinates of the point of intersection of the planes are given as the solution of the system of equations that can
be written as:

x x
Al y [=C=| y |=AC=8
z z

The point has coordinates (1, —1, 2).

12
11 a det(A) = 2 1|=110-0-15-2)+2(1-4)=0
15

N — —

b We transform the augmented matrix of the system:

112(3 R —R
1214 0 o
2152 3T
11 2] 3

01 =1 1 {R, +R,
0-11|A-6

11 2] 3

01 -1 1

00 0[A=5

The general solution of the system exists if A—5=0 = A= 5.
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For A =5 we have:
11 2|3
01 -1
0

{Rw - Rz

1
0
2
1
0

o O —
o - O O
w

Forz=t=x=2-3t,y=1+t.

12 If X® = 0 we have:
=X +X+X)=ll+IX+IX=-XI-XX-XX’=[+X+X-X-X-X*=|-X*=/-0=]
U+ X+ X =X)=l— I X+ X[- XX+ X -X’X= |- X+ XX+ X°-X>=|-X’=|-0=/

We can conclude: (/= X)"' = (/+ X+ X?*)and (| + X + X*)"' = (| - X).
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Practice questions

Solution Paper 1 type

1

a The length is a function of time, so we are looking for the value of the function when t = 2:

L(2) =110+ 25cos(27-2) =110+ 25cos (47) =110+ 25-1=135cm

b We are looking for the minimum value of a function of the form y = a cos [b(x + ¢)]+ d. Since the smallest value of

cosine is —1, the minimum value of L will be:
L, =110+25-(=1) =85cm

Note: We have found the minimum value of the function using the fact that the minimum value of cosine is —1.We
could have found the result differently: The minimum value of a function of the form y = a cos [b(x + ¢)]+ d is equal
to the vertical shift d minus the amplitude |a|; so we have: min=d —|a|=110- 25 = 85.

We have to find the least value of t such that L = 85. From part b we can see that the lowest value will be obtained

when the cosine equals —1; hence, 2at ==t = %

Note: We could find t by solving the equation: 110 + 25 cos (2zt) = 85 = 25 cos (2at) = 85— 110 = cos (27t) = —1.

1
277:t=7t:>t=Esec

d We have to determine the period of a function of the form y = a cos [b(x + ¢)] + d. So, the period is

2r 2:w
— =—=1sec
o]  2x

Solution Paper 2 type

1

! SCI ENG Flatkl Flatz Flakz
We will observe the function L = 110 + 25 cos (27t). I R “"5’1 Bl18+25cos02n
Firstly, we have to select radian measure and then input the | #F"l;l'fi] Eg# =EQ il =
function. | ZE L STHUL ‘“""'33
REAL Fi i ‘ﬁu—
. [T HORIZ &-T RS
a Wehave tofind L(2): SETCLOCK[EMERFCEEER | [\\'5=

1622
135

b—c For the remaining parts of the question, we will use the graph of the function. So, we have to set a suitable window.

The minimum value is the vertical shift minus the amplitude, and the maximum value is the vertical shift plus the
amplitude. Therefore, we can use y-values from (less than) 110 — 25 = 85 to (greater than) 110 + 25 = 135.
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Another way would be to use the ZoomfFit feature. The window will not be suitable for all the calculations, but we can
read out the range and then just extend it a bit in both directions.

?@gE FMEMORY THOOL]
ecimal amin=E6. 152285,
S ZSAuare BMax=6. 1922856,
i 25t andard wecl=1.57a7as3
F=ZTri3 Ymin=25. 8002415
= 2 lnteger Ymax=135
98 ZoomStat Y=cl=1
soomFit A0T AnN wres=1
THDICL]
min=a
ABMaE=
recl=1.57avac3..
Ymin=3#
Ymax=14E0
Yecl=1
wres=1

We can solve both parts b and ¢ by finding the minimum value with the smallest x.

Fiifd ram
RSN
fintersect
Hiu [T
AR T s

d We can find the period of a trigonometric function by finding two successive
minimum points, or two successive maximum points, and then subtracting their
x-coordinates. We already know the smallest positive minimum has x = 0.5, so we
have to find the next positive minimum.

Hence, we can conclude that the period is 1.5 — 0.5 = 1.

2 2sinPx—cosx+1=0

2 (1 - cos’ x) —cosx+1=0 Use the Pythagorean identity sin® x = 1 — cos” x.
—-2cos’ x—cosx+3=0
2 —t+3=0=t=-151 =1 Substitute cos x = .

cos x = 1.5 = has no solution
cosx=1=x=0,2x

Solutions are: 0, 2.

3 The perimeter of the shaded sector contains two radii and an arc. So, the length of the arc can
be calculated: 25 =2-6+ s = s = 13. We can use the arc length formula to find the angle 6, in
0 radians:

s:rQ:W3:6-Q:Q:%
Forangles 6 and 6:

1
9+Q=2n:9=2m~§z4u




4 a

i The amplitude of function fis 1, so the minimum value of the function is —1.
ii Pmbd&g:%¥=4n THOOL] Flotl Flokz Flot:
= Anin=g MY 1BEcosCdiE)
2 Amax=3. 1415926, [ eBoos CEs20 T_M
551;. 1=1 .25?9?953... ‘»3 x=
— mMin== wiy=
Itis quickest to find the M =2 = U U
number of solutions from Y=rl=1 wME=
the graph. akes=1 il

We can see that there are four points of intersection; hence, there are four solutions to the equation.

5 Ford=p+qcos(2—nt):
m

a

To find p we have to determine the mid-line; therefore, we have to find the average of the function’s maximum and
minimum value:
_64+6
==
To determine g, we have to determine the amplitude. The amplitude is the difference between the function’s

35

maximum value and the mid-line: | g |= 64 — 35 = 29. So, g is 29 or —29. From the given data, we can establish that
the graph starts from the maximum value, so g is positive; hence, g = 29.

From the data, we can see that the distance between two successive maximum points (or minimum points) is
0.5 seconds. So, the period is 0.5. 5

‘ : : T
Using the formula for period, we have: period = S =m Hence, m = 0.5.

m
Note: It is useful to highlight the basic data using a rough sketch.

o
60

40

Amires N1 B2 ng 30

Min= 1Bl+=in

Wmax=5. 1415926, [WeBoos(. 254 ™, SN
Aecl=1.57avac3. Y= N
Ymin=-2 ~hy=

Ymax=3 nhe=

Wacl=1 S Inkecrseckion

nres=1 mhie= H=igiE-iy =i

TN SN

NI NS

InteFseckion InkeFseckion

Hzi.0CEE00E Y=.9EE170z0 HeE.0EL3REE YS.BPAFEOEE | Solutions are: 0, 1.06, 2.05.

Note: The question does not tell us to use a specific method to solve the equation, so we can choose any method. The

most suitable method is graphical, because we can see the number of solutions and find them all.
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7 a Usethe substitutioncosx =t:
1
0 +5t+2=0=1t, =21, =—

cos x = —2 has no solutions

v

_2nm 4n

3 3

) 2w 4m
Solutions are: — , —.
33

b Use double angle identity for sine:

1
COSxX=——=x

N
/

D N
""l |:1
o]
=w

. A
2sinxcosx—cosx =0 y

i rize:
SO cosx=0=x =

’

SEE]
Vg

cosx(2sinx—1)=0=

S5t

2sinx—1:O:>sinx:l:>x: ,—
2 6

oy

) T 5Sm 3w
Solutions are: g,—,— —.

1

6 2

8 Given E < x < 7, it follows that sin x > 0 and cos x < 0.

. , . 8 1
a Using the Pythagorean identity for sine, we have: sin’ x = 1—cos’ x = 1— — = —

5
1 1
Using the fact that sin x > 0, we have: sin x = \g = E
1 7
b Using the double angle identity for cosine, we have: cos 2x = 2cos’ x —1=2- g -1= 36 —-1= o
: 8 V8 22
¢ Using cos x < 0, we have: cos x = — 5 = _Tz —T.Hence,
1 2
sin2x =2sinxcosx =2-—- —ﬁ =—ﬂ.
3 3 9
9 We have tointerpret the data as points on a graph: (5,5.8)
High (maximum tide) at 5:00 with depth of 5.8 m — (5, 5.8)
Low (minimum) tide at 10:30 with depth 2.6 m — (10.5, 2.6) T
a The function can be written in the form: N (10.5,2.6)
d = Asin(B(x+C))+ D (or similar with the cosine
function). Firstly, we will determine D, so we have to find A N ) A A O
the average of the function’s maximum and minimum value: 1 i
D= 5‘8;2.6 _ 4>
. . : (5,5.8)
Next we will determine A. The amplitude of the T i

function is the difference between the function’s
maximum value and the mid-line: T
| Al=58-42=16.50,Ais1.60r —16. (-0.5,2.6)- |

g
(10.5,2.6)

From the data, we can see that the earlier minimum
is reached at (0.5, 2.6), so the graph after the
mid-line first reaches the maximum value, then the

minimum value; therefore, A is positive, A = 1.6.




We can also see from the data that the distance between successive maximum and minimum points is 5.5 hours. So,
half of the period = 5.5.

Using the formula for period, we have: period = %r =11= %r =B= 2]—717: .
To determine the horizontal translation (phase shift), we I (5. 5.8)
have to find the points of the graph on the mid-line. ’ ‘

. : _ 1 I ‘ 7.75,4.2)
Abscissae of those points are on a distance of a — of the s % o

4 (2.25,42) “\\\\-.-_—”

period from the abscissa of the maximum point. Hence, I

: . - 4 (10.5,2.6)
5+4—-11,s0—and —.

4 4 4

Thus, C = — % and the function is:

d=16 sin(z—”(x—g))+4.2.
11 4

b We have to find the value of the function at 12 noon, that is, 12 hours after midnight; therefore,

d12)=16 sin(i—? (12 - %D + 4.2 = 3.15 metres.

Flatl Flokz Flots Il )
SMiBl.gsincZ2n-11 3. 1522225876
D= I ||
W=
W=
wNy=
wNe=
M=

¢ We have to find the time interval in which the value of d is greater than 3.5.

THDIOL

#min=12
mmax=r=d4
#wacl=1 3

InkeFseckion
n=lz HEFEEE LYW= E

Interseckion
|H=:I.EI.5'-|2 4B .¥=Z.E

We have to convert from decimal numbers to minutes:

e
12.45723201 19, 34274729

4

4AF 232087 T el s b
*EE rn=#EE

2743512842 32.56487952

n=

Therefore, from about 12:27 pm to 7:33 pm the boat can dock safely.

-

We can also see that around midnight the boat can dock safely again. |ypeepeection
WEEZ MEFERE LW=3E
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10 Use the substitutiontanx =t :

t’+2t-3=0=t =1t =-3

T
tanx =1=x=— i
4 ﬁgttr‘s Eign

e
tan x = —3 cannot be solved exactly 1.B3z5HER V=" Solutions are: =~ .1.89.
11 a We will use the arc length formula: s = r@ = 1O~E =15cm
: 2 1 2 I e A — 520
b The angle in the shaded region is 27 — > ; therefore, using the area of a sector 2739, 1597654

formula:

1 1 3
A=—r’6=—-10° (27r——)z239cm2
2 2 2

5 5
12 The function f(x) = gcos (Zx - 2) reaches a maximum value of E and a minimum value of — E .That means that

5 5 5 5 5 5
— = < f(x) < = .The function will not reach values greater than E or less than — 5 Hence, for k > E and k < — 5

2
the equation will have no solutions.

13 From the graph, we can see that the point (0, 1) is on the mid-line, so k= 1.
To determine a, we need to find the amplitude. The amplitude is the difference between the function’s maximum value

and the mid-line: | a|=3—1=2;50,ais 2 or —2.We can see that the graph, starting from initial position at x= 0, first
reaches the minimum value, and then the maximum value, so g is negative; hence, g = 2.
B2 2
. : sin“o¢  1—cos” o 1
14 We can write tan® using secant only: tan® o = —— = — =———1=sec’ a1
cos” o cos” o cos” o
So, the equation is: 2 sec’ ¢—2—5sec ¢—10=0 = 2sec’ a—5sec a—12=0
: — 3 : .
Using the substitution sec & = t, we have: 2t =5t —12=0 = t,=— 5 .1, = 4.Since o is in the second quadrant,

secant should be negative and the solution is sec o = — >
15 a Using the compound angle formula for sine, we have: sin(ec+ ) = sin evcos f+ cos o sin

: : 15 8
From the upper triangle, we can see that: sin a = e Cos o = =

From the lower triangle, we can see that: sin = il ,cos B = 0
58,8 6_168_84
17 10 17 10 170 85

8 8 156 =26 13

b cos(a+ B)=cosocos B—sinosin f=————— = =——
( A p h 1710 1710 170 85
84

_sin(a+B) 85 _ 84
¢ tar](O‘Jrﬂ)_cos(oc+ﬁ)__E_ 13

85
Note: We can find tan a and tan B from the drawing, and then use the compound formula for tangent.
1 1 . 2 2
Wzﬁ and cos p Zﬁzﬁ'
LI R
J5 550

For sin 3p°, we can use the compound angle formula: sin 3p° = sin (2p° + p°) =sin2p° cos p° + cos 2p° sinp°

So, sin(ec+ B) =

16 From the diagram, we can see that: sinp® =

Hence: sin2p” =2sinp” sinp” =



4 1 3
So, we have to find cos 2p° = cos’ p° —sin” p° = — — — = = Finally, we have:
42+31_11_11£
55 545 5/5 25

17 If Bis obtuse, then the sine is positive and cosine negative.

sin3p” =

a sinB—#—i
V54122 13

12 12
b cosB=————=

V5% + 122 13

C sin2B:2sinBcosB:2£(—E)=—@
13 13

2 2
d cos2B=coszB—sinZB=(—2) —(i) o
13 13 169

Note: In the solution, we have used the property of angles and sides in a right triangle.

We can find the solution by using the Pythagorean identity for sine and cosine:

sin x 5 . 5
=——>=sinx=—-—Cosx

CoS x 12 12

. : 5 ’ 2 169 144 12
sin“x+cos" x=1=|—-—cosx| +Cos" x=1=—COS" x=1=>COSXx =—,|[— = ——

12 144 169 13

: ) 5 12 5 . .
Finally, sin x = — ST = ok Now we can continue using the double angle formulae.

: 3 2tan @ 3 2

18 Using the double angle formula for tangent, we have: tan 26 = 7 = oo =—=8tanf=3-3tan" O
—tan

Using the substitution tan @ = t, we will have a quadratic equation:
1 1
3’ +8t-3=0=t =-3,t, = 3 Hence, the possible values of tan 6 are: =3, 3

19 We will use the compound angle formula for sine:

sin x COs & — oS x sin & = k (sin x cos & + Cos x sin )

Then we will divide both sides by cos x cos a:

COS X COS O COS X COS & COS X COS & COS X COS O

tanx —tana=k(tanx + tan ) = tanx —ktanx = ktana+ tana = tanx (1-k) = tan et (k +1) =
_tanalk +1)
-k
Note: If we rearrange the equation differently, we obtain the result tan x = —
above result.

sinx Cos o COS x Sin o _k(sinxcosa+ cosxsina)

tan x
+1)

tan ¢, which is equivalent to the

20 We can see that either tan20 =1 or tan 260 = —1.

So,tan29=1=>29=£+k7r:>9=£+k2=>9=2,£+£=—3—”
4 8 2 8 8 2 8
tan29=—1=>20=—£+/<7r=>0=—E+kE=>9=—E,—E+E=3—”
4 8 2 8 8 2 8
Hence, the solutions are: + g i 38—ﬂ .
21 W (e o GEE Flotl Flokz Flots THOD
a Jiehavetosetine Wy Elos 1R+ 2R | Bmins -2 —
window on the GDC to Hax=2 _ﬂ___“_::,_
iy MY eBoos 2D necl=.5 —— e
be the same as on the grid. W= bl = -6
~My= “Ymax=d4
“Me= Yecl=1
~ME= sres=1




Chapter 7

The domain of the functionsis —1< x < 1, so we just have to draw this part of the graph.

-\-\-\_\_\__\_‘—\—\_\_

b No solutions

¢ Cosine function has a range from —1. But, here, its domain is restricted. Since cosine is an even function, it is enough to
observe its behaviour on the interval from 0 to 1. Hence, the function is decreasing on this interval; its largest value is
cos 0 = 1, and the smallest value cos 2. Hence, the range is the set [cos 2, 1].

22 Let CAD = 9 and AC = x.

: 2 5 5
From the drawing, we can see that: tan 0= — = x = andtan20=— = x = .
x tan 6 X tan 260
5
Hence: =
tan @ tan26 5
. 2 5 5(1—tan® 0) 3 3 1
Using the double angle formula for tangent, we have: =————=22=———"">4=5-5tan 6=>tan" 0=—
tan® 2tané 2 5
1—tan’ O

Since @ is an angle in a right triangle, its tangent has to be positive.

So, tan 6 = L = 0=247.

J5
Note: \We can solve the equation 2 = > graphically.
tan@ tan26
We are looking for the angle when those two sides are the same.
THOOL Flotl Flokz Floks
nrin=Q ~E2o b ani
Amax="28 MBS anc2H
necl=18 ~Nall
Ymin= -6 ~Ny=
Yrax=6 wNe=
wecl=1 B Interseckion
nres=1 ~Ne= H=Eh.0HuBNE  Y=4.MTELZE

23 We have to solve the equation 16 sec (%) —32=-16+10.Hence,

(nx) 26 13 1 13 (nx) 8
sec|l —|=—=—>D> ———<=—>=cos| — |=—
36) 16 8 Cos(nx) 8 36) 13

36
We need the first positive solution, so:

Tx (8) 36 (8)
— =arccos| — | = x = —arccos | —
36 13 /3 13

. . 36 8 i : :
Hence, the solution of the equation is: — arccos (]—) ,and the width of the water surface in the channel is:
b4

36 (8) 72 (8)
2. —arccos [ — | = —arccos [ — | cm.
b3 13 T 13




Practice questions

The shortest distance from AB to O is the perpendicular from O to AB, so OC = 3 units, and
CB = /5% — 3* = 4 units. Therefore, AB =2 - 4 = 8 units.

We are asked to find the exact value of the sine of the angle, which means that we have to
avoid all calculator use!
Method I:
In triangle AOB all sides are given, so we can find angle AOB using the law of cosines:
545 -8 7

2:5.5 25
Using the Pythagorean identity for sine and cosine, and taking into account the fact that the sine of an angle in a triangle

cos AOB =

is always positive, we have:
2 2 2
SmA@B:\/]_(_l) :J25 7:\/1832:\/92216=324_ﬁ

25 257 25 25 25 25
Method II: ;
From the right triangle OBC, we can find acute angle OBC: sin OBC = E
3
. & . = . = 8=
Using the law of sines in triangle AOB, we have: sin A8 = % = sin AOB = % = ?5 = i—i

Method |II:
From the right triangle OCB, we can find the sine and cosine of the acute angle OBC:

sin OBC = % and cos OBC = g

The angle AOB = 2 - OBC, so, using the double angle identity for sine, we have:
sin AOB = 2 sin OBC - cos OBC :Zéizﬁ
55 25

w

In the given right triangle, tan 8 = = . Therefore, the triangle has legs of 3 and 7 and hypotenuse of v/3? + 7% = /58.

~

3 7
Hence, sin @ = — and cos 0 = —.
J58 NET)
Using double angle identities, we have: 58
37 42 21 3
sin20=2sinfcos =2 — —=—=—
J58 /58 58 29 0
€05 26 = cos® 68— sin’ B2 00 7
58 58 29

In the triangle SSS is given, so we can find any angle using the law of cosines. The largest angle is opposite the longest
side; therefore, we are looking for the angle opposite the side of size 7.

4>+ 52 -7 1 1

c0sf=——— =——= f=cos (——) ~101.5°

2:4-5 5 5
If Ais obtuse, then cos A is negative. Therefore, using the Pythagorean identity for sine and cosine, we have:

2 12
cosA=—1—sin" A=—[1— % TE Hence, using the double angle identity for sine, we have:
Sin2A=2sin Acos A = 22(—E)=—@.
13 13 169




Chapter 8

5 a From the right triangle BOR, we have:tan 36" = % = PO =40tan36" =29.1m

b Intriangle ABQ, the angle AQB = 180° — 70° — 30° = 80°. Using the law of sines, we can find side AB:
AB 40 AB_4Osin80°~

= = 419m
sin80°  sin70° sin 70°

6 In triangle ABC, SSS is given; hence, we can find angle CAB using the law of cosines:
48° +32° — 56°
2-48-32

FogE— g
e Sk 32D

«AEZ2S
o= 1 Ans
25.4166723

cos CAB = = CAB =~ 86.4°

7 a |Inthe triangle SSSis given, so we can find any angle using the law of cosines. The smallest angle is opposite the
shortest side; therefore, we are looking for the angle opposite the side of size 5.

cos = [ = 0= cos” (ﬂ) ~ 382"
2-7-8 14
b Using the area formula with sides 7 and 8 and the included angle from a: A= 3 7-8sin@=173cm?
+ - & B
. Foar 1423857
Foar 1422857 o= 1CARS
o= 1CARS S8.2132187
32.2132187) (1247 +3ksin(Ans?
17. 32050288

8 a InTriangle 2, ABC SSAis given.

We can use the law of sines to find angle ACB :

SINACB _ sinS0° o acg = 205507 15019287
20 17 17

InTriangle 2, angle ACB is obtuse, so ACB = 180° — sin™' 0.901 2288 =~ 116"

A TS N
] A1 22BV5E6
= in- 1 AR
Bd . 32885452
1268-A

hs
115. 6723452

20 cm 17 cm

50°

b InTriangle 1,angle ACB is acute, so ACB = sin™ 0.901 2288 = 64.3; therefore, angle BAC = 180° — 50° — BCA =~ 65.68".
Hence, the area is:

A:%m47smMCzw5mﬁ




© O

9 |n 2.5 hours, boat A covers a distance of 20 -2.5 = 50 km, and boat B covers a distance of 32-2.5 = 80 km.

A
In triangle PAB, SAS is given, so we can find side AB using the law of cosines:
AB = /507 +80° —2-50-80 cos 70° = 785km 20K
Therefore, after 2.5 hours, the boats are approximately 78.5 km apart. 70 B
P 80 km

10 In triangle JKL, SSA is given. The angle KL is the angle opposite the longer side, so there will be a unique triangle with the
given dimensions. We can determine angle JKL using the law of sines:

sin JKL _ sin51 — in JKL = 25sin51
25 38

PR T s

] al12802378
= in1CAnS
8. 74914342

~ 051128 = JKL = 3T

11 a Intriangle ABC, ASA is given, so we can find AB using the law of sines. Angle A = 180° — 60° — 40° = 80",
'AB _ .5 :>AB=5§m4O
sin40°  sin80° sin80°

= 3.26 cm

b Area = % 5. ABsin60° = 7.07 cm?

S1ntdR s 1L EE

3. 2E3S18223
1 -245+Ans+=1in{6H

T.HESTZ4218

12

In triangle OAB, sides OA and OB are each half the length of the space diagonals, and side AB is the side diagonal of the
cube.

AB = a2

OA=0B=1 (av2) +a* =243
2 2

In triangle OAB, SSS is given. We can use the law of cosines to find angle 6:
2 2 :l
(58] (5] -0} 22 o
2 2 4 4 1 .
cos 0 = a\/* a\f = 37 =—§:>9z109‘47 150 FIIEI'E'.q-T-"IEEEIEr
= = ¢ A=
2(2 3)(2 3) " 78, 52877937
The acute angle between the diagonals is 180° — 8 = 70.5°.
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13a BC=1104"+65 —2-104-65c0s 60" = /10816 + 4225 — 6760 = /8281 =91m

b Area=%65~104sin60°=%65-104~£=1690\/§
1 : 1 165

C i AreaofA=—-65-xSN30°=—65-x —=—=
2 2 2 4

ii  Areaof A :1104-x5in30° 21104-x~l:26x
2 2 2
i From b we know that the area is A = 16907/3. Since A = A + A, we have:
16907/3 = 6fo+269¢ = 169073 = 19%

d i Theangles ADC + ADB = 180°; hence, sin ADC = sin ADB.

= 40V3 = x.

ii Method I: - - -
We will use the sine rule in triangle ADB: —— = ———=—=BD = L
sin30°  sin ADB sin ADB
D 104 104 si 1045 P
Next, we will use the sine rule in triangle ADC: — < === 0 — = DC = 0_ smASO = O, smﬁBO
sin30"  sin ADC sin ADC sin ADB
Therefore:
65 sin 30°
B0 _ sinADB __ 6 _>
DC 104sin30° 104 8
sin ADB
Method II: o
We can find areas A = Tx and A, = 26x using the sides BD and DC and angles ADC and ADB:
65x 1 LA
»h A ExBDsmADB N
EE %xDC snApc D€
65
Since = = E we have established that 80 =2 .
26x 8 C
14 a Using the law of sines, we have:
— ' 2+42
IR il e+2)_ 4422

=>\/§x=2x—4=>x(2—\/5)=4=> 7% =

4 —
2-\2 4-2

b A= 2 x(x — 2)sin105°. So, we have to determine the exact value of sin105°. Using the compound formula for sine,

1 6 +
we have: sin105° = sin (60" + 45°) = sin 60° cos 45 + cos 60" sin 45° =§£+—£ \F 2

sin 45° "~ sin30°

2 22 4
Novvvvehave:A—z(4+2f) 2+ 232) f+\f (2+\/§)(1+\2/§)(\/€+\/§)
:(4+3\f)2(f+f):4\/8+4\/§2+6\/§+6:2\@+2\5+3\/§+3

15 7, Z%CDBDSIHCDB

T, = %CD-AD sin CDA
Since CDA = 180" — CDB, their sines are the same: sin CDA = sin CDB.

]ZYQKJ BD sin€0B 8D

Hence —L —

gaﬁ AD Sin€0A 4D




16 a 60" +60<180° = 0<120°; hence, 0" < 6 < 120".

1
b A= > 30 - KJ sin @; we have to determine KJ. Using the law of sines:

KJ 30 30
—= = K/ =—sinL
sinL  sin60° ﬁ

2

Since L =180 — (60° + 0) = sinL = sin(60° + ), we have:

Kl = N sin (60° + 6) = 20V/3 sin (60" + 6). Finally, the area is:
A= %30 -KJsin = %30 -208/3'5in (60" + ) sin 8= 300+/3 sin Bsin (60" + 6).
c THOOL] Flotl Flokz Floks
#min=@ SUBZEELCErsin s
mmax=126 reintEA+E
necl=28 ~Mz=l1
Ymin=-1 =M=
Ymax=5E4d wNy=
Yecl=180H wNe= Haimum
Hres=1 =NE= HSROOOO0E JY=FERFLINE &

Hence, 60° gives the maximum area for the enclosure.

1

17 a A=§30~\/172—152 =120cm?

2-17% =307
2177

¢ R=A (A -4)

b cos ABC = =-055709.. = ABC = 2.16

1
Ay =31 5'7 ~ 35343 cm?

1 = 1
A =§r2 ~ABCz§172 -2.16 = 31212 cm?
R=A, —A, +A =161 cm’
18 a Using the law of cosines, we have:

P=P+7”-2-11-cosa=2-2cosa=L=+2—2cos o

b cos2(g)= 1= 2sin’ (g):>25in2 (ﬂ)z 1—cos a0 = sin(g)z Imcosa
2 2 2 2 2
= =
¢ L=+2-2cosa=+/2(1-cos ) =\/4( cosa) =2\/ o =2sin(g)
2 2 2
19 Using the law of sines, we have:

a b
sin@  sin26
Applying the double angle formula for sine, we have:

a b

b b
— = — =da= = Cos 0= —
sin@  2sin@cos 6 2cos 6 2a




o o O
@ Chapter 9

Practice questions

1 a DC=DM+MC=—-u+v=v-u
b AVi=L7AB=- =l(V—U)
2 2 2 : :
c B?z?/\ﬁ+ﬂ6=—m+v=—5(v—u)+v=5(u+v)
d A~C=@+ﬁ=(v—u)+l(u+v)=—v—lu
2 2 2

S

2 a w=2u+v=2i-2j)+4i+3j=6i—j=(6,-1)

6 6 6 36 6 6
b z=—wW=— (6i—j)=—(6i— ) = i ——— j= —— (6,1
wl 67 + (=1 NE V=177 YNy,

3 a [OR=110"+(5V5) =15

Point R lies on the circle because the distance from O to Ris 15 (the radius of the circle).

B — OB _ i 10 15 =5
b AR=OF—OA= _ _

[5@] (0) (sﬁ)

A0 AR _-15x(-5)40x5/5 _ 75 1

[AC]-|AR  15{(=5) + (55 15V150 V6

d sinéOAR=m=\/@=\E

Area, . = ! |AM] - |AR| sin £OAR = 13041502 = 7545
2 2 6

¢ cos ZOAR =

y

4 7'

C(3,8)

// P
Yyl N

/ / R(11,4)
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am=11_0211E:3_6:—3
4 0 4 8 2 6
— .. MR-AC [11x (=3)+ 4 x 6| 9 — — .
b £ (MR, AC) = ——— = = £ (MR, AC) = 834
o (A = G~ Ve N e a7 <A

17 3
¢ The midpoints are P(3,1), Q (? , 3) .S (5 , 4) ,and T(7, 6), so the vectors joining the midpoints are:

7 5y (I ;
u=°~P0=| 2 |- = > [[v=ST= —
3 1 6

2

NN w
Il
N

1T—
We can see thatu = v = 5 MR = |u| = [v|and u || v, so the points POST form the parallelogram.

5 mu+v)-5i+7j=nu—v)
m[(5i + 3j) + (i — 4j)] = 5i+ 7j = n[(5i + 3j) — (i — 4j)]
m|[6i— j]—5i+7j = n[4i+7j]
(6m =5)i+(—m+7)j = 4ni+ 7nj

6m—5=4n 63 37
>m=—,n=—
-m+7=7n 46 46
i S
y’ | ma'moat"a:oo
/|

/ M(9,10.2)
Marco at12:30

| A4.5,6) /
Mardo at07:

y/4

0 15 X')Z
[(9.-2)
[ony at 12:30
~
D(9,-4) \
[ony at §7:30 N
‘\

a The speed of ‘Marco' is: m =9’ +12° =15 km/h.
The speed of ‘Tony’ is: t = \/18” +(=8)* = 19.7 km/h.

b At 07:30 each crew will have been travelling for 0.5 hour, so their position vectors will be equal to one-half of their
velocity vectors.

Position of ‘Marco' is: OA = 19 o .
2\ 12 6

Position of ‘Tony" is: OD = LN I T _
2\ -8 —4




The distance between the vehicles at 07:30 is:
( 41'50 J =45 +(=10)* = 10.97 km.

‘Marco' is directly north of “Tony” when the x-coordinate of its position point is 9, which is one hour after they left the
base port; i.e. ‘Marco’ starts work at 08:00 (and is at B(9,12)).

o] -

The ‘Marco’ crew work for 4.5 hours and lay 4.5 x 0.4 = 1.8 km of pipe in a southerly direction.

The Tony’ crew work for 5 hours and lay 5 x 0.4 = 2 km of pipe towards the north.

At 12:30 ‘Marco' is at point M(9,12 — 1.8) = M(9, 10.2) and ‘Tony’ is at point T(9, =4 + 2) = T(9, —2).
The distance between them at this time is: 10.2 +2 =12.2 km.

The distance from M to base port for ‘Marco’ is: |OT\/I| =J9? +102% =136 km.

As they travel at 15 km/h, it would take them 13.6 /15 = 0.9069 hours = 54 minutes to return to base.

on-or+7i-( 3 J+(7)-( )

As Tl = kj, points T and / have the same x-coordinate, i.e. O = )

R-B=0=|> |83 =o:>5><5+6(5—a)=o:>a:§
6 5—-a 6

R(8,5)

T(3,-1
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. B dion of the AUA biane is. |~ |={ 2 |+2[ 360 |=[ 749
a Fort= 2, the position of the plane is: y 40 480 1000 |}

360
480
o . x| [ =155 480
¢ The position of the LH plane is given by: ( y ] = ( 1300 )+t( v J

The planes will collide if the following system of equations has a unique solution:
x |_[ 25 Lt 360
y 40 480
=

x | _[ =155 +t 480
y 1300 —-360

254360t = —1554+ 480t =t =15

40 + 480t = 1300 - 360t = t = 1.5

= /360" + 480” = 600 km/h.

b The speed of the plane is:

Therefore, the planes will collide after 1.5 hours, i.e. at 01:30.

o B | )55 [ 480 ({325
e position vector of the LH plane at t =1 is: y 1300 ~360 040 |

325 450 70
fis 2y +1 = :
e After 2 hours the LH plane is at: ( 940 J ( -390 ] ( 550 )

775 ) _( 745
550 1000

9 3 i 2=V 30 | 27T o= 3n2n— 1+ @n+3) 42 =0= 2" —n+12=0
2n+3 4 —2n 2n+3 4 —-2n

The distance between the planes after 2 hours is:

- ‘( =t )‘ = /307 + (—450)° = 451km.

—450

For this quadratic equation, the discriminant A = (=1)” — 4 x 2 x 12 = =95 < 0, so there is no solution for n.

10 For vectors a = cos 6i + sin Bj and b = sin 6i + cos 6j, we have:
cos £(a.b) = cos 0-sin @+ sin @ cos 6 :2sm Ocos 6
Jcos? 6+ sin? O/sin? @+ cos? 6 11

=sin(20) = cos(g—ZO) S o= §—29

xa xb xa+xb xa—xb
11 For vectors a = b= =at+b= ,a—b= .
ya yb ya+yb ya_yb
Then:
@a+b=[a-b =
Jo, + 2,7+, + 3,7 =, =, + (3, = )
Xo 2%, %, + X + Yo + 2, Y, + Yy = X0 = 2%, X, + Xy + Yy =2y, Y + Yy =

2xaxb + 2yayb = _2xaxb - 2yayb = xaxb = _yayb

xaxb +yayb _ xaxb _xa'xb

a

b= = =0
S+ a2+ y; x4y +
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Practice questions

1

Hence: {

Method |:
From (1—/)z =1- 3/, we have: z =

-3 (1=3)(+) 1+3+i(1-3) _
1= 1+1 2

2—i.Hence,x=2,y=-1.

Method Il:

We can solve the task using the notation z = x + yi. In this case, we have to solve a system of equations:
(1=-N(x+y)=1-3I=
x+y+i(y—x)=1-3i

x+ty=1 x=2
=
—x+y=-3 y=-1

2 a Since wis the non-real solution of the equation z* = 1, then w # 1. Hence, we have:

=1
(14w +w’)(1-w) —w? 0
T+w+w’ = = =—=0
1-w 1-w 1

Note: We can calculate the value for each possible w:

- (2m 2 (27 . (4m 2\ . . (2=m 4y . (4w
If w=cis| —|,thenT+w+w" =1+cis| — |+cis| — |=T1+cos| — |+ i sin| — [+ cos| — |+ sin| —
3 3 3 3 3 3 3

If w=cis (4—;) then T+w +w? = 1+cis (%) + Cis (8?7[) =1+cis (%) + cis (2?”) .This is the same as in the
previous case; hence, the value is 0.

=1 =W =1

(wx+w’y)(W'x+wy)=w’x"+w' xy + w’xy +w’ y’
=x"+y +(w+w’)xy
=x"+y +(=Nay Since w + w® = —1 (using the result from a).
=x"+y —xy

(i =142+ =1+2i—1=2i

Let P(n) be the statement: (1+ /)" = (=4)" .

Basic step:
The basis step must be P(1).

(1+0)" =((0+1)) = 2i) = 2" = —4 = (-4)'; hence, P(1) is true.

Inductive step:
Assume that for some k € N*, P (k) is true.

P(K).. 1+i)" = (-4)
Now, (14 /) = 14+ 1) = 1+ (141)" = (—4) (-4) = (-4)"".

Hence, P (k + 1) is true, and, by mathematical induction, P(n) is true for all k € N* .
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c (1+)"=0+i)" =(-4) =65536

6 2
4 a Forz:lz|= Z+Z=\5,tan9=—

= 2(es(-2)rn(-)

1
For z,: Jg)| = V1+1=~2,tan 6 = — 1= —1, the fourth quadrant, 6 = — g ; hence,
z,= \/E(cos (— E)+ i sin(— E))
4 4

s 2 S o ) ()

J6-i2 J6 -2 + Vo = 12
. 62/2‘1“_ 6 2/;—6/ /2_\/€+\/§+/(\/€_\/§)

¢ L1=—s .
% =1 1+1i 1+1 4

Y 6+v2 . (m) _6-2
Hence, a=cos| — |=——= ,b=sin| — | = ——.
12 4 12 4

s (2] ~(&(cos(2-2)es50(E-2))) ~(&cos(- 2)s50(-2)))
-2 (cos (-5 3)r3n(- 5 2)) = o o (- E)rsn (- 5)) - 5 (25

zY &2 @2
Hence, | =L =i
% 2b 2b

1 T
= — — , the fourth quadrant, @ = — — ; hence,
J3 k 6

E NN

Note: \We can obtain the same result by firstly raising to the cube power and then dividing. However, be sure that you
3
: oo : a : :
express the number in the form x + yi, which means that you multiply by o .You can write the result in the form:

= a2 ——03\/5 (or any equivalent form)
"0 YT A ‘

6 Lletz=x+ yi.Then:

Jec+16) +57 = af(x + 17 + 52 = (x +16) + 3> =16((x + 1) + y?)
X' +32x+256+ y° =16x" +32x +16+16y°
15x° +15y" =240 = x* + y* =16

Hence, 2] = % + y* =16 = 4.

7 Method I:
o 5—i 5-—i 24 10+1+i(5—2) 114 3i
a+bi=—=—+.—= =
2—i0 2—=i 2+ 441 5
11 3
Therefore,a=—,b==.
5 5

Note: If this is a Paper 2 task, you can perform the division using a GDC.



Method II:
We can find the solution using multiplication: (2—i)(a+bi)=5—i=2a+b+i(2b—a)=5—i
Therefore:

2a+b=5 11 . 3
—a+2=-1_9"5°73

8 Method I: | ] :
|farg(b+/)2=60°:>arg(b+/)=30°:>tan30°=5:>—3=—:>b=ﬁ
Method II: 5 -
arg(b+/)2=60°=>arg(f)2—1+219/‘)=30°=>tar130°=b2 L=V =

1

ﬁb?—zb—ﬁzo:a:ﬁ,bz:—ﬁ
Since b is positive, the solution is b = /3.

9 (z+2)=1-2z2=2zi+2i=1-2z2=zi+2z=1-2i=zQ2+i)=1-2i
Lo 1=2 12 2-i_2-2+i(-1-4) _ -5 _
C 240 240 2—i 441 5

10a 27 -1=(z-N)("+2°+2" +z+])

b z°=1=cis0
Hence, the zeros are the fifth roots of unity:

cis(sz”);k=o,1,2,3,4

: (27:) ) (471') ) (671') (8 )
1,cis| — |, cis| — |, cis| — |, cis| —|.
5 5 5 5
| IS R S

T WD
4

=z’ —2cos(2—ﬂ)z+cos2 (2—7r)+5in2 (Z—ﬂ):z2 —2cos(2—ﬁ)z+1
5 5 5 5
In the same way:

(= (ZN =)= Fran (oo (-5 (-5))

2 4
Hence: z4+z3+z2+z+1=(z2—2cos(?ﬂ)z+1)(z2—2cos(?ﬂ)z+1)
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11 a [8] =8, tan 6 is not defined, positive y-axis, 6-% =8 cos%ﬂsin%)

T T
b i <8 =38|cos l+2k—7r +/sin l+2k—ﬂ =i/§(cos(£+2k—ﬂ)+/si ( +2k—”));k=0,1,2
3 3 3 3 6 3 6 3

For k = 0, the number is in the first quadrant; 3/8i = 2(cos7—6r+ising): 2cisg
i 5/§=2(cos£+isin£)=2 BB
6 6 2 2

12 a i Allthe numbers are of modulus 1; hence, their product and quotient is of modulus 1 and || =1.

D D ()
=(2)(2)
ool ol D )onf )
oo 2ol 2)
(o ZrnlYetnnn
EHEEE)

b Since z = cos (2—7[) + sin(z—ﬂ),then
3 3
3
= (cos (2—ﬂ)+ i sin(2—n)) = Cos (3 —) + i sin(3 . Z—E) =cos(2m)+isin(2m) =1

=1 =0
Hence, z is a cube root of one.

2 2 2 21 \Y
c (1+Zz)(2+z2):2+4z+z2+2gj:4+4z+z2=4+4(cos(?ﬂ)+isin(?ﬂ))+(cos(?ﬂ)+isin(?ﬂ))
=1
1 4 4 1 3 3 33
Caraf- 143 +(cos(—n)+/’sin(—”)):4—2+2\@/———/£:—+i/
2 2 3 3 2 2 2 2
Note: We can write 4 + 4z + z” as 1+ z + z° + 3 + 3z. Using the property of a root of one, 1+ z + z° = 0, we have:

21 2 1 3 3  3V3
4+4z+z2:3+3z:3+3(cos( )+/sm( n)):3+3 ——+i£ :—+i/
3 3 2 2 2 2

2 1+ 2+2i
13 Jz = —+1—4_—,—’,+1—4/ e 4= 1+i+1-4i=2-3]
= T—i 1+ 1+1

z=(2—3/) =4-12/-9=-5-12i




14 a Let P(n) be the statement: (cos @+ sin 8)" = cos nO+ i sinné.

Basis step:

The basis step is P(1) and it is true, because both sides are cos 6+ i sin 6.

Inductive step:

Assume that for some k € N* P (k) is true.

P (k)..(cos 0+ sin @) = coskO+isinke

Now, (cos 6+ sin )" = (cos 8+ sin )" (cos @+ sin 6) = (cos kO + i sin kB) (cos O+ i sin 6)

= cos k@cos 8- sinkOsin O+ i (cos kOsin O+ sinkcos )

= cos(kO+ 6)+i(sin(k@+ 6)) = cos((k+16)+isin(k+16)

Therefore, P (k + 1) is true and, by mathematical induction, P(n) is true for all k € N*.

b i

Method I:

l_ 1' . .cose—/.sm@: cosZG—/§|r10 = cos(—6) +i sin(—6)
z CosO+isin@ cos@—isin@ cos” B+sin” O

Method Il:

Using de Moivre's theorem: % =z =(cos(6)+isin(6))" = cos(~6) +isin(—6)

Note: In this part we can’t use the result from a, since here n = —1andina ne N*.

27" =(z7") = (cos(~6) +isin(—6))" = cos(~nb) + i sin(-nb)

z" =(cos(8)+isin(8))" = cos(nB)+isin(nd)

z" +z7" = cos(nb) + i sin(n6) + cos (—nb) + i sin(—n6) = cos (nb) + i sin(nO) + cos (n6) — i sin(nB) = 2 cos (n6)
(z+ 2’1)5 =22 +5z2'27'+102°27 +102°2° + 52z +z2° = 2° +52° + 10z + 10z + 5z + z°°

Using the result from i, we have: (z +27') = (2 cos 6)° = 32 cos’ 8

and (2 +27°)+5(z° +27°) +10(z + 27") = 2cos (56) + 5+ 2 cos (36) + 10 - 2 cos ()

Thus, 32 cos® 6 = 2 (cos(56) + 5 cos (36) + 10 cos (0)) .

Therefore, cos® 8 = %(cos (56)+5cos(30)+ 10 cos (0)),anda=1,b=5c=10.

15 2p+2ig=q—ip-2(1—-)=2p+2ig=—-2+qg+i(2—p)

16

2p==-2+q 2p—q=-2
Hence:{ =

=>p=-04,g=12
2g=2—-p p+2g=2 2 4

+i sin(z—sﬂ)))s =2 (cos (5 : 2?7[) +i sin(S . 2?”)) =32(cos (27) + i sin(27)) = 32
T

N
=
Il
I/
No
/N
()
O
w
I/

() ()
o o
wv w
/N N N

=32(cos (27) + i sin(27)) = 32

w|§ wl§ w|§ »|§ »]§

N
/_\/A\KT\/_\
O
wv
N N N N
+
2.
)
N N 7N 7Y

(@)

(@]

wv
/N
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iii e
10
5
2
4 Joz 3
1 z
»,
-t = =+ PARBEEEEEEFSN SN parrg
.le R
10
15 ‘51‘

iv The transformation is a combination (in any order) of an enlargement of scale factor 2, with the origin as the

centre, and an anti-clockwise rotation of = again with the origin as the centre.

17 a letz=a+bi.Then:Va’ +b =\/(12+(19—3)2 =a +b’ =a2+b2—6b+9:>6b—9=o:>b=2

b i

=

5
ii Since argz, = 6 and cos 6 =

A

Im

3
o)
1.5

T
iii argz, =mw-argz, = n—g :

St 1w km

z'z N km T
c arg(# =arg(zf)+arg(z2)—arg(/)=?+?—5=?+§

k
Hence: —ﬂ+E:ﬂ:k:4
6 3

2a+b=7
2—ab=-1
Substituting b = 7 — 2a (from the first equation) into the second equation:

18 Za+b+/‘(2—ab):7—/:>{

1
2-a(7-2a)=-1=2d"-7a+3=0=>a,=-,a, =3
2

Since a, b € Z, the solutionisa=3,b=1.



19 a z"=(cos(0)+isin(H))" = cos(n)+isin(nb)

=z " = cos(—=n6) + i sin(=nB) = cos (n6) — i sin(nb)

le_‘

Hence, z" + iﬂ = cos(nB) + i sin(n6) + cos (n6) — i sin(n6) = 2 cos (n6) .
z

' 1 1 1 1 1 1
b (z+—) :z“+4z3—+6z2—2+4z—3+—4:z4+4z2+6+4—2+—4:(z4+—4)+4(z2+—2)+6
z z z FARE 7z z z
Y 1 1
Since (z+—) =(2cos(0))', z* + — = 2cos(46), 2" + — = 2 cos(26) , we have:
z z z
2% cos® (0) = 2 cos(40)+ 4 -2 cos(26) + 6 = 8 cos” () = cos (46) + 4 cos (20) + 3

Hence, cos® (6) = %(cos (46)+ 4 cos (26) + 3) .

1 1
20a z=2_—=_¢" b |z|:5,soitis|essthan1.

cos @+isin @

d i . :
1—§(cost9+isin9)
.o i0 1 2i0 ] 3i6 1 ] . . 1 9 1 q
ii S =e"+—-e"+—e""+.=|cosO+—-cos20+—cos30+..|+i|sinO+—=sin20+—sin36+..
2 4 2 4 2 4
1 1 1 1 +isi
(cos9+—c0529+—cos36+...)+/(sin9+—sin26+—sin39+...)= coolORE DL
2 N 2 N 1—§(c056+isin0)
Taking the real parts, we have:
1 1 0+isin@
Ccos 0+ —cos 260+ — cos 30+ .. =Re ios o
2 4 1—E(c059+/sin6)
1—i 6+‘l' 0
cos 6+ sin 6 cos 6+ sin 6 2COS /25|n
Rel — =Rel— T 1
1——(cos 6+ i sin 6) 1——(cos @+isin@) 1——cosB+i—sinO
2 2 2 2
1 21 5 1 5 T .5
cos @ 1——cos @ |+i° —sin” @ cos 06— —cos” @6——sin” 6
_ 2 2 _ 2 2
1 S I _ 1 2. 1.5
1——cos @] +—sin* 6 1—cos @+ —cos” 6+ —sin” O
4 4 4
1
COSG_E _4cos0-2
1—cost9+l 5—4cos @
4
21 Method I

If =3+ 2iis aroot, then —3 — 2/ is another root; therefore:
P(2)=(z+2)(z+3-2)(z+3+2)=(z +2)((z +3) = (2)") = (z + 2) (2" + 62 +13) = 2° + 82" + 252 + 26

So,a=8,b=25c=26.
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Method |I:
P(-2)=0=-8+4a—-2b+c=0
P(-3+2)=0=>9+46i+a(5-12/)+b(-3+2))+c=0 = (9+5a—3b+¢)+(46—12a+2b)i =0
Hence, we have to solve the system of equations:
4a-2b+c=8
50—-3b+c=-9 =a=8,b=25c=26
—12a+2b =-46

22 letz=a+bi:

Ja +b> =25 = d® +b> =20

25 15 . o 25(a-b)-15(a+bi) _
a+bi  a-bi (a+bi)(a-bi)

1-8i

10a — 40bi .
ﬁ=1—8/=>
a +b

10a—40bi =20-160i =>a=2,b=4

10a — 40bi
Oa Obl=1—8/

Hence, z =2+ 4i.

iz, +2z,=3
23 i i
z,+(1=i)z, =4/ (=)

iz, +2z, =3
—iz,=(1+10)z, = —4i

3-4i 7 1
2-1-i)z,=3-4i=2z,=——=———|
( % 272 2 2

Substituting in the second equation: z, +3—4i=4 =z, =1+ 4i

4+V16-32 4+4

; =242z, =2+20,2,=2-2i

. T iz
lz| = V4 + 4 = 24/2, tan 6 = 1, in the first quadrant, 6 = 7 hence, z, = 2+/2e *

24a z, =

12

lz,| = V4 + 4 = 24/2, tan 8 = =1, in the fourth quadrant, 6 = —g;hence, 7= 2J2e
a 22
4 2V2) e 2z
b Z—*=()—_2ﬂ=8e 2 =8(cos37”+isin%ﬁ)=—8/

2 -
% (2\6)2 e *
Ax
¢ z'=(22) e =64e" =64
—4r
2 =(2V2) e =64e7" = 64
Thus, they are the same.
2, oz, 2nJ2e" N2
— A== —= T
LA et 22e

3n .nm

e z'= (2\/§)n ef% =22¢ 4

The number is real if % =km=>n=4k keZ.




, r . 2w\ 7-2m 72w . .
25a z' =|cos—+isin— | =cos +isin =cos2mw+isin2zr=1;hence z' —1=0.
7 7 — T

b -+ +'+2+27 +z+1) =+ + 0+ + 0+ - - - - - -z —1=2 -1

Using the result from a, we have: 0 =2 —=1=(z = 1)(z* +2° + 2" + 2’ + 2" + z+1).Since z # 1, then z — 1= 0 and
hence z° +2° +z* +2° +2° +z+1=0.

¢ Using the result from b, we have:

121 T - (4Ar (2
0=z2"+2"+z"+2° +2 +z+1—C|s(— +CIS( )+CIS(—)+CIS( )+CIS(—)+CIS(—)+1
7 7 7 7
. (127r) : (10 ) ( ) (67: ( n) (2 )
cis| — |+ cis + cis +cis| — |+ cis + Cis
7 7 7
121 10w 8r T - (4rm (2
Hence, Re(os( )+ cis ( )+CIS(— +CIS(—)+CIS(—)+CIS(—))=—1
7 7 7 7 7 7
(s () s (Frs(F)r (5 )+ (F)+(5))
Re| cis| — [+ cis + Cis +cis| — |+ cis +| —
7 7 7 7
(1271') (1071') (87:) (67r) (471') (Zﬂ')
—— |+ cos| — |+ cos + COos + cos| — |+ cos| —
7 7 7 7 7 7
121 21 10 4 8 o
Since cos( ) = COS (—) cos (—) = COS (—),cos (—) = COS (—) , we have:
7 7 7 7 7 7
+cos| — |+ cos| — [+cos| — |+cos| — |+cos| — |=2|cos| — |+ cos| — |+ cos| —
7 7 7 7 7 7 7 7
) o 4r 2r (4 iy 4 2r 1
Finally: 2 (COS (—) + Cos (—) + Cos (—)) =-1= cos (—) + Cos (—) + Cos (—) =——
7 7 7 7 7 7 2

e




Practice questions

& 360
=360 p=22 =12
Z,y u==

0
b (y,—u) =925=s, = /% ~ 555
=il

qu

w

=34 =

10X 1+20%x2+30%x5+40xn+50x%x3

S Wi

3744+ 34n=350+40n=>24=6n=>n=4

114+ n

@ Chapter 11

~ 350+40n
114+ n

= 34

< 4 Time (minutes) 16 2.1 26

36

4.1 4.6 5.1 56

6.1

6.6

Frequency 2 5 5

16 4 Frequency

b There are 7 out of 50 measurements that are greater than or equal to 5.1; therefore, the fraction of the measurements

less than 5.1 is: % = 0.86 = 86%.

¢ There are 50 pieces of data, 5o, to determine the median, we need to find the 25th and 26th observations. We notice

that these two observations are within the interval 3.6-4.1; therefore, the median is approximately 3.9.

d We can input the time as a sequence by using the sequence list feature on a GDC.

seslha¥. 1.6 6.6, ||L Lz L3 gl|l1-\ar Stats
B, 5+ %1 3 H=3.62
1.6 2.1 2.6 3. &6 14 zx=184
1 g ExE=V3E.8
| suci1Thereds
. Tx=1.
&. h =58
Lziimr =2

The mean value is 3.68, whilst the standard deviation is 1.11, correct to three significant figures.
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e Cumulative frequency
50
o R /

30

\ 4

20

v v Time

f Estimates for the minimum and maximum values are 1.6 and 6.6 respectively. The first and third quartiles correspond
to the cumulative frequencies of 12.5 and 37.5 respectively; therefore, an estimate for the first quartile is 3.15 and the
third quartile is 4.65. An estimate for the median (which corresponds to a cumulative frequency of 25) is 3.9.

4 a The median and the IOR would best represent the data, since the data is skewed to the right and there are a few
outliers on the right.

b Firstly, we are going to read the frequencies from the histogram and input them into the frequency distribution table

on our GDC.
L1 Lz Lz 1|({L1 Lz Lz 1
oL I . B 40
il =0 01 0
=0 g0 1z00 =0
H gn a0 ch
o o 1901 in
By =0 in
7 cl - in
Lic=1648 Lty =2E&HA
Finally, we apply the statistical calculation for one variable.
1-\ar Stats
H=E8Z.e026937
zx=314808
IxE=324aodEaaa8

SH=5360. rIca304
Tx=036. 2122989
+n=4e0

The mean value is 682.6 and the standard deviation is 536.2.

c Since we have grouped data, the endpoints of our intervals will be 150, 250, 350, .., and so on. On a calculator, we can
use the adding a number to the list feature. Alternatively, we can calculate the cumulative frequencies from the List
menu.

Lz Flotz  Flots W IO
L1558 258 358 45, FDFF Amin=-Sd
cumsSumtLz 2+l y gpel = I Aamax=Z7Ea
28 S 138 218 . o HEe HIH | nec =260
mlistilsz Ymin=-1A
“Ylistily “max=004
Mark: B + - Vecl=168
Ares=1 '




There are 460 cities, so, to estimate the median, we need to draw a horizontal line from 230. To find the lower and
upper quartiles, we need to draw horizontal lines from 115 and 345 respectively.

AR Flokz Flotz
~NezE115
W5 E345 -
~My= I
H$5=
“Me=
WIa= I.‘r
For a better estimation, we will use the zoom box feature and turn the grids on.

W IO o=

Aamin=344 . ]
Amax=2E04
necl=10a
Ymin=184 LA
Vmax=35H
V= l=164

ares=1

So, the median is about 500. The first quartile is about 330 and the third quartile is about 830. Therefore, the IQR is
about 830 - 330 = 500.

There are a few outliers to the right. The outliers are those points which are over Qs + 1.5IQR, i.e.
830+ 1.5 % 500 = 1580, which gives us 50 cities from the histogram.

The data is skewed to the right with quite a few outliers to the right (1600 and above). The data is also bimodal, with
the modal values being 300 and 400.

It appears that Spain produces both the most expensive (estimated €152 per case) and the cheapest (estimated €55
per case) red wine.

Red wines are generally more expensive in France as we can see that the median price is the highest; the minimum
value in France is also the highest, but the upper 50% of wines are also within a very small range of approximately €10
per case.

It appears that the wines are, on average, more expensive in France, where the prices are skewed towards the higher
end. In Spain, you can find a higher percentage of cheaper wine than in the other two countries, but you also find
the most expensive wines on the market; so Spain has the widest range of prices. Italy seems to have the most
symmetrical distribution of wine prices.

The mean value of the data is 52.6 and the standard deviation is 7.60, both given correctly to three significant figures.

The median value is 51.3. The upper and lower quartiles are 49.9 and 52.6 respectively; therefore, the IQR is 2.65, all
correct to three significant figures.

Since there is one outlier (112.72), the mean value is more influenced by it than the median value and IQR.

The distribution is not symmetric since the median is not the midpoint between the minimum and maximum value,
nor is it the midpoint between the first and the third quartile.

The outliers lie 1.51QR further to the left of the lower quartile and 1.510R further to the right of the upper quartile. If
there are any outliers, they will lie below 37 and above 99, which is outside of the given range; therefore, there are no
outliers.
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40 50 60 70 80 90

d Additionally to the description provided in part a, we can say that the data is skewed to the left.
8 a From the graph, we can estimate that the median cholesterol level (50% of the cumulative percentage) is 225.

b The first and third quartiles are estimated from 25% and 75% of the cumulative percentage; our estimations are 210
and 260 respectively. The 90th and 10th percentiles are estimated from 90% and 10% of the cumulative percentage;
our estimations are 300 and 190 respectively.

¢ Using our answers from part b, the estimated IQR will be 50. Since 2000 patients have been studied, the number of
patients in the middle 50%, ranging from 210 to 260, is 1000.

d 47

0 X
100 125 150 175 200 225 250 275 300 325 350 375 400
e We notice that the data is skewed to the right a bit, with more outliers on the right side, since the outliers lie outside
of the interval 135 to 335. From the cumulative frequency graph, we read that there are almost 100 patients who have
a cholesterol level greater than 335 mg/dl and only a few patients with a level less than 135 mg/dl.

9a Speed Frequency b 10 Frequencydens
26-30 10
31-34 16
35-38 30
39-42 23
43-46 12
47-50 8
51-54 1 L Speegs




Xi fi X x f; xi’ % f; Xi fi G
28 10 280 7840 30 10 | 10
325 16 520 16900 34 16 | 26
36.5 30 1095 39967.5 38 30 56
40.5 23 931.5 37725.75 42 23 79
445 12 534 23763 46 12 91
48.5 8 388 18818 50 8 | 99
52.5 1 525 2756.25 54 1 1100

)Y 100 3801 147770.5

u=3801 s’ =32.9449
§=5.739765

e Inorderto estimate the median, we need to draw the cumulative frequency diagram. We will do this using a calculator.

Li Lz |L3 z||lseaii ¥, 38, 54, 43| [WIKDOL - e e
=0 U ______ +L1 HMin=27. 6 T e
Iy 15 30 34 32 42 46| Hmax=56.4 —_ "ffrf_*i
8 e cumSum Lz r+L = HEcl=5 =

i iz 18 26 56 79 1. Ymin=-5.3 T

] i VYmax=115.3 i

i 1 Y=o l=18 T

Lzii=1H Hres=1

An estimate of the median is 37. Q; is 34 and Qs is 42; therefore, the IQR is 8.

f Since Qsis42 and 1.5IQR is 12, there is a possible outlier, which is the largest observation of 54.

10 a
Classes Frequency
1101-1200 1
1201=1300 1 Using Autograph software with the grouped data, we obtain the
following results:
1301-1400 0
The mean value is 1850.5 and the standard deviation is 232.379.
1401-1500 1
The median value is 1900.5. The first and third quartiles are
1501-1600 3 1714.14 and 2019.25 respectively; therefore, the IQR is 305.11.
1601-1700 5
1701-1800 11
1801-1900 3
1901-2000 11
2001-2100 8
2101-2200 4
2201-2300 2

b By looking at the frequency distribution table, we can surmise that there may be some outliers to the left, so we need
to calculate Q; — 1.5IQR = 1256. From the table, we can see that we have one outlier.
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— L

Gasoline (I)
0
1000 1100 1200 1300 1400 1500 1600 1700 1800 1900 2000 2100 2200 2300 2400

d u+s, =1850.5+232379 = [1618, 2083]

e

11 a

12 a

C

13 u

14 a

b

Germany will definitely be an outlier since Q3 + 1.51QR = 2477 < 2758; therefore, it will influence the mean and

standard deviation. Conversely, the median, the first and third quartiles, and the IQR will not change much.

& 4460
Y x, = 4460 = p= —g = 4o6minutes

i=1

4460 +35+39+28+32 4594

= = 48 9 minutes

Hrew 90 + 4 94
Marks <10 | <20 | <30 | <40 | <50 | =60 | <70 | <80 | <90 | <100
Number of candidates 30 130 330 670 1190 | 1630 | 1810 | 1900 | 1960 2000

2200 1T Cumulative frequency
2000
1800 /
1600
1400
1200
1000
800
600
400
200 /
v y Marks

10 20 30 40 50 60 70 80 90 100

i Bylooking at the graph, we estimate that the median score (which corresponds to the cumulative frequency of

1000) is 46.

ii  We draw a vertical line from 35 on the Marks axis and reach the cumulative frequency curve at the point at which
the cumulative frequency is about 500. Therefore, 500 candidates had to retake the exam.

iii The highest scoring 15% corresponds to the highest 300 results; therefore, we draw a horizontal line from 1700 on

the Cumulative frequency axis and reach the curve at the point at which the number of marks is about 62. Hence,

a distinction will be awarded if 62 or more marks are scored on the test.

_72x179+28x162 17424
- 72+ 28 100
25
0
2x,:3oo:y=ﬂ=1z
25

i=1

25
Y (x, —m)’ =625:5ﬂ=4/@=5
= 25

=~ 1.74 cm, correct to the nearest centimetre.




15 score 10 |20 |30 |40 |50

Number of competitors | 1 2 |5 |k |3

N 10XxT+20%x2+30x5+40xk+50%3
11+ k
16 a To calculate an estimate for the mean, we will take the midpoints of the intervals (15, 45, 75, and so on) and the

x =34

=34 =350+40k =374+ 34k = 6k =24 = k=4

corresponding frequencies.

L1 LE L= gl [1=Mar Stats

4y =97,

’c =3 P P &

ﬂg ﬂ zxe=1181704
iEE Sx=45,91922842
igE £ ax=43, 6rddl 7yl
i = ,j_.n:

Lzizx =15

So, an estimate for the mean of the waiting times is 97.2 seconds.

(Note: Even though we could have used only the mean feature from the List menu, we used the whole statistics
calculation since there is a chance that we will need further statistics in the following parts of the problem.)

Waiting time (seconds) =30 <60 =90 <120 | <150 | <180 | =210 | =240

Cumulative frequency 5 20 53 74 85 92 97 100

1

=)

Cumulative frequency
100
90
80
70
60

50
40
30
20

\4

»
>

& \ 4 \ 4 v Waiting time (s)
10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200 210 220 230 240

d To find the three estimations asked for, we need to draw a horizontal line at 50 for the median and at 25 and 75 for
the quartiles. An estimation of the mean value is 87, whilst the lower and upper quartiles are 65 and 121 respectively.

17 a Taking our readings from the histogram:
i Thereare 10 plants that have a length between 50 and 60 cm.

ii  To find the number of trees that have a length between 70 and 90 cm, we need to add two frequencies:
144+ 10 =24.

b Asin question 15, we again take the midpoints of the intervals (15, 25, 35, .., 95) and the corresponding frequencies.

X; 15 25 35 45 55 65 75 85 95

f; 1 5 7 9 10 16 14 10 8

We input the two lists into a GDC and get the following results.
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Li Lz L= tl[1=\ar Stats
}::
g |- Tx=5@4a
ﬁg ; =xe=3512004
L in Sx=2A. 64773271
BE 16 Tx=2A. 31828453
’E 1y Lr=2E
Lziti=1

So, an estimate for the mean is 63, and the standard deviation is 20.5.
¢ The data is skewed to the left; therefore, the median and the mean are different values.

d Since there are 80 plants, the median corresponds to the cumulative frequency of 40. Since the values of the
cumulative frequencies are symmetrical around 40, 32 for 60 and 48 for 70, we can estimate the cumulative frequency
of 40 as 65, i.e. the median is less than or equal to 65 cm.

18 a Again, we will use the midpoints of the intervals (82.5, 87.5,92.5, .., and so on) and the corresponding frequencies. We
put the two lists into our GDC and obtain an estimation of the standard deviation.

L1 Lz L3 & IZUEE E%E%E
. ______ e =

BEE |10 Ty ran

E?E %E T o 5

e |1z Sx=r .. 452115853

FE |7 TH=7 « FASTIZSET

1125 |4y Jr=2A

Lzi11=5

So, an estimate for the standard deviation of the weights is 7.405.

Weight (W) W= 85 W= 90 W= 95 W=100 | W=105 | W=110 | W=115

Number of packets 5 15 30 56 69 76 80

Cumulative frequency

80
70
60

50

40

\ 4

30

20

10

o v v Weight (g)
80 85 90 95 100 105 110 115

i Anestimate for the median (which corresponds to the cumulative frequency of 40) is 97.
ii  An estimate for the upper quartile (which corresponds to the cumulative frequency of 60) is 101.

d (W W)+ W, W)+ (W, = W)+ ..+ (W = W)= (W, + W, + W, + ..+ W, ) — 80 x W

AW Wt Wy

80

e There are 71 packets that satisfy the condition 85 < W < 110. There are 20 packets that satisfy the condition

= (W, + W, + W, + .+ W) - 50 0

20
100 < W < 110. Therefore, the probability is: P (£) = P 0.282, correct to three significant figures.



19 a We will use the midpoints of the intervals (65, 75, 85, .., and so on) and the corresponding frequencies. We put the
two lists into our GDC and calculate the mean.

N2 |15 TEAE R
R ______ HETow

| Tw=20450
EE gg Zxe=2959368
inc F Sx=15.11291577
1iE z0 Tx=15. 37 FRESS
1k 4] Jr=3EA

Lzili=7

So, the mean speed is 98.2 km h~', correct to three significant figures.

b i Tofind the value of a we can either add 70 (the frequency of the speed interval 90-100) to the previous
cumulative frequency, 95; or subtract 71 (the frequency of the speed interval 100-110) from the next cumulative
frequency, 236. In both cases we get the same value: a = 165.

In a similar way, we find the value of b: b = 236 + 39 = 275.

300 + Cumulative frequency

260 >

240
220

Speed (km/h)

60 70 80 90 100 110 120 130 140
¢ i Wedraw a vertical line from v =105 until we reach the cumulative frequency curve. This gives us an estimate for
the cumulative frequency of 200. So, there are 100 cars that will exceed the speed of 105 km h~'and

P= 190 = 0.333.. = 33.3%.
300

i 1f 15% of the cars exceed this speed, then 85% do not exceed that speed. 85% of 300 is 255, so we draw a

horizontal line from y = 255 until we reach the cumulative frequency curve. This gives us an estimate of a speed
of 115 km h='.

20 a i We take a horizontal line across from 100 on the vertical axis until it touches the graph. From that point, we take a
vertical line down to the horizontal axis and read off the value. An estimate for the median fare is $24.

ii  We take a vertical line up from 35 on the horizontal axis until we reach the graph. From that point, we take a
horizontal line across to the vertical axis and read off the value. An estimate for the number of cabs in which the
fare taken is $35 or less is 158.

b 40% of the cabs is 0.4 x 200 = 80. So, we take a horizontal line from 80 on the vertical axis until we reach the graph
and then we estimate the x-coordinate, which is 22. Therefore, the fare is $22. To find the number of kilometres, we
need to divide the fare by 0.55 (which is the fare per kilometre for distance travelled). Therefore, the distance travelled
is 40 km.

¢ Ifthe distance travelled is 90 km, the driver will earn 90 x 0.55 = 49.5 dollars. We will use the graph to estimate the
number of cabs that will earn less than 49.5 dollars: there are 184, and therefore there are 16 cabs that will earn more

16
than that. So, the percentage of the cabs that travel more than 90 km is: T 0.08 = 8%.
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21 Since the three numbers are given in order of magnitude, a < b < ¢, we know that the middle one (the median) is 11, so

b =11.Given that the range is 10, we know that the difference between the minimum and maximum value is: ¢ — a = 10.

a+11+c

Since the mean value is 9, we can establish another equation in terms of g and c: — 9 = a+ c =16.Solving

these two equations (using the elimination method), we get: 2a = 6 = a = 3. So, finally, c = 13.

22 a

Cumulative frequency

e

\4

v A4 Price (thousands of §)
50 100 150 200 250 300 350 400 450 500

b By using horizontal lines at 25 and 75, we estimate the values of Q; and Qs as $130 000 and $250 000 respectively.
Hence, the IQR is $120 000.

23 a

To find the frequencies a and b we need to subtract two successive cumulative frequencies.

f=¢—=C,a=9%-87=7,b=100-94=6

We input the midpoints of the intervals in the first list and the corresponding frequencies in the second list:

L1 Lz Lz 2| |zediE. W, 08,458, 1
oo 12 | oo EHE =L
1E0 o toa 1568 258 354,
%Eg %5 meantlia.Lz2
Weo | g 199
LZiE) =

So, an estimate of the mean selling price is $199000.

An estimate of the cumulative frequency for $350000 is 92; therefore, there are about eight houses that can be
described as De Luxe.

Out of eight De Luxe houses, six were sold for $400000; therefore, the probability that both selected houses have a
selling price more than $400000 is:
pE)=8x2-10

8 7 28

To mark the median, we draw the horizontal line y = 40 until it hits the graph, at which point we draw a vertical
line down to the Diameter axis. An estimate for the median is 20 mm.

To mark the upper quartile, we draw the horizontal line y = 60 until it hits the graph, at which point we draw a
vertical line down to the Diameter axis. An estimate for the upper quartile is 24 mm.

The interquartile range is: IQR = 24 — 14 =10 mm.



24 a In this question we can accept an error of £2 students.

We need to read the cumulative frequencies at the endpoints of the intervals and then subtract the successive ones
to obtain the frequencies.

For 40 the cumulative frequency is 74, and therefore the corresponding frequency is 74 — 22 = 52.
For 60 the cumulative frequency is 142, and therefore the corresponding frequency is 142 — 74 = 68.

For 80 the cumulative frequency is 180, and therefore the corresponding frequency is 180 — 142 = 38,

Mark (x) 0=<x<20 20<x<40 40 < x<60 60 < x< 80 80=x<100

Number of students 22 52 68 38 20

b 40% of 200 students is 80. The cumulative frequency of 80 corresponds to about 42 marks. So, the pass mark is about
42%.

25 a To find the median height we draw the horizontal line y = 60 until it hits the graph. We then estimate the
x-coordinate of the point of intersection. We estimate 183 cm.

b For the lower and upper quartiles, we draw two horizontal lines: y = 30 and y = 90. Then we estimate the
x-coordinates of the points of intersection. Therefore: Q, =175, Q, =189 = IQR =189 175 = 14.

26 Since the modal value is 11, we know that c=d = 11. Given that the range is 8, we can find the value of a:
11—a = 8 = a = 3. Finally, given that the mean value is 8, we can find the remaining number b:

w=8:>25+b=32=>b=7.

27 a \Wedraw the vertical line x = 40 until it hits the graph. We then estimate the y-coordinate of the point of intersection
as 100. So, the number of students who scored 40 marks or less is 100.

b There are 800 students, so the middle 50% is between 200 and 600 students. For a cumulative frequency of 200, the
estimated mark is 55; whilst for 600, the estimated mark is 75. Hence, we say that the middle 50% of test results lie
between 55 and 75 marks: a = 55, b = 75.

Solution Paper 1 type

28 \We are going to add all the known observations and use the mean formula to find the first equation relating the

x+y+90

unknowns: 13 = =104=x+y+90=>x+y=14

We are going to use the sum of the squares of the known observations and the variance formula to find the second
equation relating the squares of the unknowns:
_ X’ +y’ +1404 _x 4y’ +1404

21 5 -13* =190 5 =1520=x"+y’ +1404 => x’ + y° =116
Now, we need to solve the simultaneous equations by using the substitution method.
x+y=14 y=14—x y:']4—x y=]4—x
., =9, : , =1, =
x*+y =116 x*+(14-x) =116 2x°—28x—-80=0 x°—14x—-40=0

y=14-x . y=14—x N y=10or)/\/x{
(x—4)(x—10)=0 x=4o0orx=10 x=4orM

Since x < y, we can discard the second solution.
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Solution Paper 2 type

28 Since the calculator cannot solve simultaneous equations by using the list features, we need to reduce the equation to
only one unknown. Therefore, the mean value is going to give us the substitution.

132 X+ty+30

=>104=x+y+0=>x+y=14=y=14-x
The problem with the calculator is that the feature that calculates the variance actually calculates the unbiased estimate

) . n-—1 L 7
of the variance; therefore, we need to multiply by ——, which in our case is g .
n

Flotl Flakz Flots ]
MRV SBuariance

{:"‘:: 14_:"‘:: 1El: 12: 1
216158, 1832-21

wHe=

wMr=

“Hy= 2eFa 2eFn

wMe= iy Y] d=in Y=i

Since x < y, we can discard the second solution; therefore, x = 4 and y =14 — 4 = 10.




Practice questions

1 a Since the events are independent: P(ANB)=P(A)xP(B) = 0.18 = k x (k +03) = k* + 03k —0.18 = 0
(k+06)(k—03)=0=k=-06o0rk=03

Note: Algebraically we get two solutions, but only 0.3 can be a probability value since probability cannot be negative.
b Using the addition formula: P(AwB) =P (A)+P(B)—P(AnB)=03+06-0.18=0.72

c Since the events are independent, the complementary events are independent too.
P(A'IBY=P(A)=P(A'|B)=1-03=07

2 a Since the tests are taken independently, we multiply the probabilities: P (A) = 0.02 x 0.02 = 0.0004
b Using the complementary event: P(8) = 1—P (A) = 1— 0.0004 = 0.9996
¢ P(C)=002x002= 00004
Note: The probabilities in parts a and b are equal because the events are the same.
3 Since they work independently of each other, we need to multiply the probabilities and then use the complementary event.

P(A")=1-P(A)=1-0002%0.01= 0999 98
4 a i Usingthe additionformula: P(SUF)=P(S)+P(F)—P(SnF)= @+6—O—£ 0
200 200 200 200 20
ii  Either but not both means that we need to exclude the intersection from the union, so:
170 10 160 _ 4
200 200 200 5
iii Does not take any French or Spanish is the complementary event of the union, so:

P(SUF)=P(SNF)=

P(SUF))=1-P(SUF)=1-L -3
20 20 Y
b Using the conditional probability formula: P (F |S) = P(ENS) =ﬁ=i
P(S) 128 12
260

5 Itwould be a good idea to find the total sums first. There are 126, 84 and 160 disks produced after one run on machines
I, Il'and Ill respectively. There are a total of 20 defective and 350 non-defective disks. That means there are 370 disks
produced in total.

ai pa)=2-5
370 185
i P(A)= = =2
270 185 126 +350—-120 356 178
iii We need to use the addition formula: P(4,) = —————=—=—.
370 370 185
iv Since this is a conditional probability, our sample space is defective disks and the favourable outcomes are those
6 3

that are produced by machine |, soP (A, )= —=—.
p y (A)=25=1%
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b If the quality is independent of the machine, then we can use the multiplication law:

_WSQ&X 207 63

6
P(M)xP(D = +#—=P(M. N D).So, the events are dependent.
(M)><P(0) 3%Qiss - 20010 1850 370 (D) P
: ) ) 126 63
6 a There are 126 envelopes which satisfy our wish, so: P (A) = — = —.
200 100
: : 68 34
b There are 68 red envelopes without a prize, so: P(B) = Py
7 a p(aB)="YU0B) 03018 5 018 g

P(B) P(B) 03

b The events are independent since P (B) = 0.6 =P (B|A).

c Given that A and B are independent, then A’ and B are independent too, so:
PBNA)=P(B)xP(A)=06x(1-03)=042.

8 a Since we know that there are 74 students who took the test, the number of boys who failed is
74 — (32 +16 +12) = 14. There are 6 girls who are too young to take the test and, since there are 10 students
altogether that are too young to take the test, the number of boys who are too young is 10 — 6 = 4. Since the total
numbers of boys and girls are 70 and 50 respectively, we calculate all of those who were training but did not take the
testas: 70 —(32+14 +4)=20,and 50— (16 +12 + 6) = 16.

Boys | Girls
Passed the ski test 32 16
Failed the ski test 14 12
Training, but did not take the test yet 20 16
Too young to take the test 4 6
bi PB)==
120 60
i P(B”.):]6+12:§:E
50 50 25
iii These two events are independent so we multiply the probabilities:
P(B//’I)z &16x /]/68 Z@
Q35 5025 875
9 a P(ANB)=P(AB)XP(B)=Lx>==
4 8 32
9 3 3 12 3
b P(AUB)-P(ANB)=P(A)+P(B)-2XxP(ANB)=—+—— A X——=—=—
(AUB)~P(ANB)=P(A) +P(B) = 2xP(ANB) = 1o+ 2= Rx =12 =

27 5
¢ P((AuUB))=1-P(AUB)=1-—=—
(AU))=1-P(ALE)=1-Z =2

10 a Probability that she will miss both serves is: P (A) = 0.4 X 0.05 = 0.02 = 2%.

b To win a point she will make the first serve and win the point or she will miss the first serve, make the second serve
and win the point, so: P(B) = 0.6 X 0.75+ 0.4 X 0.95 X 0.5 = 0.64 = 64%.

1Ma P(ANB)=P(A)+P(B)-P(AUB)=06+08—1=04

b P(AUB)=P(ANB))=1-P(ANB)=1-04=06




12
Boys | Girls | Total
Television 13 25 38
Sport 33 29 62
Total 46 54 100
p(ay=2 -1
100 50
13
b PB)=—
©) 46
13a Outcomes
1 6 %
6
1 6
- 5
6 5 not 6 7
s 36
1 5
- 6 =
5 6 36
6 not 6
% not 6 %
. . i 25 11
b Using the complementary event of not getting a 6: P(B)=1-P(B') = 1- Eriaee

14 a

U 1//5/?
b i Sincen(AuB)=nU)-n(AuB))=36-21=15thenn(AnB)=n(A)+n(B)-n(AUB)=11+6-15=2.
2 1

36 18
¢ Events Aand B are not mutually exclusive since there are two elements in the intersection of the two sets: AnB # .

i P(ANB)=

15 a There are 90 females, so there are 110 males. If 60 were unemployed, then 140 were employed. If 20 males were
unemployed, then 40 females were unemployed, and so on.

Males | Females | Totals
Unemployed 20 40 60
Employed 90 50 140
Totals 110 90 200
b i PB)=—2-
200 5
i P(8) ]
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16 There are three possible combinations of different colours and each can occur twice. In total, there are 26 balls in the bag.

red green whlte white green
P(A)= X x }62 Sax 202 }62 S ,]/62 _20+12+12 44
>§ 25 5 613 2/5 >@3 255 65 65
17 a o b Firstly, we need to find the number of elements in the intersection:

n(AnB)=n(A)+n(B)-n(AuB)=30+50-65=15

So,n(BMNA)=n(B)—n(AnB)=50-15= 35

¢ PBAA)=2=L
100 20
18 a b The student can take chemistry and biology or not take chemistry
B but take biology. So, P(B) = 0.4 x 0.6 + 0.6 x 0.5 = 0.54.
0.6
c Thisis a conditional probability where the favourable event is when
04 c a student takes both subjects; therefore,
B
) 4 % 0. 4
04 P(ClB):O ><O6__.
0.54 9
0.5 B
0.6 c
0.5 B'

19 a We will reuse the probability distribution table for the sum from Exercise 10.4 question 6:

S |2 |34 (5|67 [8[9]10]11]12
Pl 2|2 |42 |6|5 (4|32 (4

36 |36 |36 |36 |36 |36 |36 |36 |36 |36 |36

21 7
P(S<8)=P(s<7)===L
(S<8=P(=7)=2=7

b There are 11 possible pairs when at least one die shows a 3: six pairs with 3 showing on the first die and six pairs with
3 showing on the second die, but the pair (3, 3) should only be counted once. So, P(B) = e

¢ Now, the event from a becomes a sample space and we need to find the favourable pairs (out of 21 pairs) found in b.
The pairs that satisfy the condition are (1, 3), (2, 3), (3, 1), (3, 2), (3, 3), (3,4) and (4, 3).

7 1
PBIS<7)=—=-
Bls<7)=2=3

4 6 1

20a P(ANB)=P(A)+P(B)—P(AUB) =+
17 11 11 11
2

3.4 12
b P(ANB)=P(A)xP(B)==%x—=
(ANB)=P(A)xP(®) 11XH 121

21 a Since the probability of A didn't change when B occurred, P(A|B) = P (A); therefore, the events are independent (I).
b IfP(ANB)=0= AN B = J; therefore, the events are mutually exclusive (M).

¢ Giventhat P(AnB)=P(A)= AnB= A= Ac B, neither (N).




22a n(FUH)=88-n((EuUH))=88-39=49
Since we know how many study each subject, we can find the intersection:
b=n(EnH) =nE)+nH)—n(EUH)=32+28-49 =11
a=n(E)-n(ENH)=32-11=21
c=n(H)-n(ENH)=28-11=17
b Simply by looking at the Venn diagram, since we now have the values of g, b and ¢
i PEAH)=— =1
88 8
32-11_ 21
88 88
Note: This can be directly read off the diagram.

i PEN(ENH)=

c i Thereare 56 students who don't study economics and, since a group of three students is selected, we obtain:
n 56 55 54 315
PEN)=—=x—=x=—=——.
88 87 86 1247
ii  To find the probability that at least one student studies economics, we are going to use the complementary.

1 2
event (no student studies economics): 1T—=P(E')=1— Elb) = i
1247 1247
23 P(SC):l><g+i><i 22U 5231 el
12 11 12 11 12%11 ,Vf6><11 66
Note: The tins are chosen without replacement so once a tin is chosen there are 11 tins remaining.
7 1 1 7 12 47
24 a b p(L):_x_+_X§:_+i:35+ =
8 4 8 5 32 40 160 160
7
¢ pwp=tWoD_ 37 35
P() 7 T4
1605
25 a
b P(9)=
4
26 a b i PRNG)=04x09=036
red grows  yellow  grows
Grows —— —— —— ——
0.9 ii P(G)=04x09+ 06 x 08 =036+048=084
0.4 Red iii P(R|G)= M _036_3_ 0429
0.1 Does P(G) 0.34 /
. not grow
0.8 Grows
0.6 Yellow
0.2 Does
not grow
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27 a There are six favourable outcomes, that is, the same number appears on both dice. There are 36 possible outcomes in

total, so: P (E) = 5. l
36 6 3 :
b There are three possible pairs for a sum of 10: (4, 6), (5, 5) and (6, 4). Therefore, P (F) = R

¢ Tofind the probability of the union, we need to apply the addition formula. Note that the events £ and F have one
common pair, that is, (5, 5).
1 T 6+3-1 8 2

P(EUF)=P(E)+P(F)— P(EmF)——+E—£=T=£=§

2a i PA=2_-8
210 21
i P(AnB)=->=1
2106 100 10
iii To confirm whether the events are independent we firstly find: P(B) = TRk Now we look at the product of
8 10 80 1
the probabilities: P(A)xP(B) = —x — = — # — =P (AN B). Hence, they are dependent.
50 10 21 21 441 6
b Y,
( K ) 85 17
¢ We can select a student from year 1 and a student from year 2, or vice versa; therefore,
p(=2x 2Tk 10 20
204 )69(19

29 Let G be the event that a green ball is chosen and B a blue ball is chosen. If a blue and a green ball have to be selected in
any order, we can say that the chosen balls can be blue and green or green and blue.

P(BG)+P(GB)=P(B)xP(G)+P(G)xP(B 3 /( \A& A =2X 1—1
&3 Xz }9(3 ®2
30 Let S be the event that the student speaks Spanish as his/her first language, and A that the student is Argentinean.
1512 4
p(5|A)=P(5)XP(A|5)= 20015 _7 _4
P(A)  15.12.6 3 5 5
21 15 21 6 7
31 Let D be the event that a patient has the disease, and T that the patient tests positive.
P(DlT):P(D)><P(T|D): 0.0001x 0.99 ~ 000198
P(T) 0.0001% 0.99 4+ 0.9999 x 0.05

32 et H be the event that team A will play against the higher-ranked team, and W/ that team A win the game.
P(W) = P(H) x P(W |H) + P (H') x P(W|H) = ; X 04+ Z %075 = 13(9) 0633

33 P(ANnB)+P(AnB")=P(A)= P(A) =03+ 03 =0.6.Since the events are independent, we can use the multiplication

law.

P(AnB) 03
“P(A) 06
P(AUB)=P(A)+P(B)—P(ANB)=06+05-03=08

P(ANB)=P(A)xP(B)=P(B)= =05

34 |et R be the event that it is raining, and L that the girl is late.

1.2 s
P(L) 1 2 3 1 19 19
— — ixf
473 475 B0



35 a

b

2 1 1
PYNX)=P(X)xP(Y|X)=—X—=—
( )=P(X)xP(Y[X) R =c
1 1 1
PYNX)=P(X)XP(Y|X)==Xx—=—
( )=P(X)xP(Y[X") vt
P(Y)—P(YmX)+P(YmX')—l+i—l:P(Y')—1—P(Y)—1_l_§
- 6 12 4 - T4

P(X'uY'):P((XmY)'):1—P(XmY):1—%:%

36 Let F be the event that the umbrella is left in the first shop, and S that the umbrella is left in the second shop.

38 a

=1 n-1 2n-2
ii P(An):(éxé) xl:l(é) :l(é)
6 6 6 6\36 6\ 6
We have an infinite geometric series: )

125 ] (25)2 1 (25)3 1 1 25(1 25 1 (25)2 1 (25)3 1 1 25
p==—t—xX—-+|—=| =F|=| =t-==Ft—|=t=—=X=F+|=| =F|=| =+ | =2p==+—X
6 36 6 \36)6 \36)6 6 36l6 36 6 \36)6 \36/) 6 6 36

Firstly, we will calculate the probability that Ann wins the game:

P73 PTP 36P 6736 6 PTE T P
The probability that Bridget wins the game is complementary to the above event, so: P (Bridget wins) = 1— 5.3

11T

If Ann wins more games than Bridget, that means that she has to win 4, 5 or 6 times. We also need to find the number
of sequences with that number of wins. For example, if Ann wins four out of six games played, she can do that in

‘6 choose 4'different ways (we are using the binomial coefficients).

Ann wins Bridget wins Ann wins Bridget wins Ann wins
4times  twice 5times  gnce 6 times

Al 7eNd TR0 7oN 7230
()T BT (<) (-
4 J\11 11 5 J\11 11 11
If the first two selected apples are green, then 22 red apples and 1 green apple remain in the box. Therefore, the
22
probability that the next apple will be red is = 0.957.
There are three different selections that will give the result of exactly two red apples: RRG, RGR or GRR. So, the

2n_ 21 _F 693

robability is calculated as follows: P(B) = 3 x X X — =
P 4 ®) 25 2447 23 2300

= 0.301

39 Let R be the event that it rains during the day, and T that the daily maximum temperature exceeds 25 °C.

P(T)=P(R)XP(T|R)+P(R)xP(T|R")=02x03+08x06 = 0.54

P(RIT) =

P(R)XP(T|R) _ 006 _

=—— =— =011
P(T) 0.54

1
9
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40 a The number of integers up to the number n that are divisible by p is given by {QJ which denotes the greatest
p

integer of the number a . The number of multiples of 4 from the first 1000 numbers is 250; therefore, the probability
P 250 1

1000 4

b The number of integers that are divisible by both 4 and 6 is actually the number of integers that are divisible by

1000
their least common multiple, that is, 12: {TJ =] 83.3333... | = 83. The probability that we select one such number

is: P(B) = —> = 0.083.
1000
41 a Gjven that the events A and B are independent, we can use the multiplication law; therefore, P(A ™ B) =P (A) X P(B).

In combination with the addition law, we can calculate:

that we select one such number is: P (A) =

P(AUB)=P(A)+P(B)=P(ANB)=P(A)+P(B)—P(A)xP(B)

o%=o4+wm_o4xmm:ﬂms=o@wyjpwyig§=

0.8
b This part can be calculated in two different ways:
Method I: P(AUB)—P(ANB)=0.88—04 x 0.8 =0.88-032=0.56
Method IIl: P(ANB)+P(A'NB)=P(A)xP(B")+P(A)xP(B)=04x%x02-0.6x08=056
42 | et M be the event that the chosen day is Monday, and T that Robert catches the 08:00 train.

a P(T)=PM)xP(TM)+P(M)xP(TIM")=02x066+0.8x0.75=0.732
P(M)XP(TIM) _ 0132 _11

b pMI|N)= = = 0.180
) P(T) 0732 61
3a PA)=2=2
6 3
b PB)=2x2=2
6 6 9

¢ We are going to have an infinite geometric series:
2 3 2 3
P(C)=z+lxlxz+(lxl) x%+(l><l) ><E+‘..=g 1+l+(l) +(1) + .. =z><L=g><E=i
337373 \3°3)7°3\33)"3 3009 o) "\ 37, 1 784 4
9

44 a p(A)zzxizi

57 42 10
X

4 S _ 12 = 12 :E:(n+4)(n+3):902
n+4 n+3 (n+4)(n+3) (n+4)(n+3) 15

b PB)=

" +7n-78=0=(n+13)(n—6)= 0= 0=<I3 orn = 6.We can discard the negative solution since the number
of balls cannot be negative.

BagA  Twored BagB  Twored
- —— - ——

1 2 2 3+8 11
— + - X — =—=—
10 3 15 90 90

d Let Cbe the event that two red balls are drawn, and X that the balls are drawn from bag A.

1
c P(C)= = x
©)= 3

P(X|C)= P(X)S(Egc X) _

3

11

8l=xl-




45 The first fact stated in the problem gives us the following: (AUB)'= @ =P(AUB) =1.

P(AUB):P(A)+P(B)—P(AmB)=>1:S+P(B)—P(AmB)=>P(AmB)=P(B)—%
P(A'nB)
P(B) ;

P(B):P(AmB)+P(A'mB)=P(B)—;+%P(B)=>%P(B)=;=>P(B)=;

P(A'B) = =>P(A‘mB)=%P(B)




Practice questions

For f(x) = x* we have:

f’(x) = 2x = f’(1.5) = 3 is the slope

b f(15) =15 =225= P(1.5,2.25)

y—225=3(x—-15 = y=3x-225

A

Y,

\ /PI 5225

/1

y=0=>0=3x-225=x=0.75= Q(0.75,0)
x=0= y=-225= R(0,-2.25)

For P(1.5, 2.25) and R(0, —2.25), the midpoint has coordinates:

1540 225-225

X =T=O'75=xo'ym/dpt= 2 =yQ

midpt

Hence, Q is the midpoint of PR.
fla)=2a= y—a’ =2a(x—a)= y=2ax—a’
y=O:>O=20x—azz>x=%:>T(%,O)
x=0=y=-a = U0 -a)

For S(a, @) and U(0, —a’), the coordinates of the midpoint are:

a+0 a a-a

xmsuzT—szT/yMsuszoz}’T

Hence, T is the midpoint of SU.
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C
2 Fory=Ax+B+—,xeR x#0:
x

f()=A+B+C=4
f-)=-A+B-C=0
f'(x) = A—%
X
f'M=A-C=0,f(=1)=A-C=0,since (1,4) and (=1,0) are points of extrema.

The system of equations is:
A+B+C=4
-A+B-C=0 =2 A=18=2C=1
A-C=0

i 2(9 _ 2.3 _i 2 _ 2.5\ = _ 4
3 a dx(x(Z 3x))—dx(2x 3x) 4x —15x

(N e T
b dx(x)_dx(x )_ TR

4 For f(x)= § + 2x, x > 0, we have:
X

8
a f(x)=-—+2=0=-8+2x"=0=x =2, x=<Q
X

f(1)=-8+2=-6<0= f(x) \von(0,2)

f’(3)=—§+2=§>O=>f(x)/'on(0,oo)

f)=242.2=38 |
2 1 r(x)=B/x+2X

Hence, point (2, 8) is the turning point (absolute minimum). [ A

b For x =0 the function is not defined, so x =0 is the [ /

vertical asymptote. [ /
Forx—>oo,§—>0=>f(x)—>2x :\ /

X
Oblique asymptote is y = 2x.

s(x)52x

d 1 1
5 Fory=4x2+l we have: d—y=8x——2=0=>8x3=1=>x:§
X X X

1 Y 1
FOFX—E.}/—4'(—) +I—3.
2

2
3)

N | —

So, the stationary point is (




d
6 Fory=ax’—2x"—x+7 we have: d—y:3ax2—4x—1
X

Atx=2=30-4—-4-2-1=3=a=1
7 Givenf(2)=3andf’(2)=5:
a The equation of the tangentat (2,3)is:y —3=5x—-2) = y =5x—7.
17

1 1 1
b The normal has a slope of — 5 so the equation of the normal at (2, 3)is: y —3 = —E(x -2)=>y= —gx +?.

8 a g(x)hasamaximum at x =1 because g’(x) is positive before it, and negative after it.

o

The value of g(x) is decreasing when g’(x) < 0, i.e. x € (=3,-2) U (1, 3).
¢ g(x) hasa point of inflexion at x = —% because g” (— 5) =0.

d A
\ v
\ [ maxinpum at x31

minimum at x =-§ L \

inflexion
at x-0.5

v \
9 For f(x) = x* — 3bx + (c + 2) we have:
f=1-3b+c+2=0=>3b-c=3
f’(x)=2x—3b
f'3)=6-3b=0
The system of equations is:

3b-c=3
=b=2c=3
6-3b=0
10 Function |Derivative diagram |Reason
f, d flx) \ = <0,thenf(x)/” =f >0
f e flx) v = f’ <0, f(x)has a point of

inflexion at x = 0 = f’ extreme atx = 0

f3 b where f(x)has extremes f’(x) = 0

f a flx) v =" <0
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11 For f(x) =1+ sinx:
f(f)—f(o) (1+smf)—(1+smo)
. 2 2
a The average rate of change is: g = =

z_, z
2 2

1
x
2
b The instantaneous rate of change: f’(x) = cos x = f* (g) = Cos (E) = 2
2 2 2
C f’(x)=—,O<x<E:>cosx=—:>x=arccos(—)z0.881
T 2 T T

3x—2

12 Fory = =3—2 we have:
x

a i The vertical asymptote is x = 0 because the function is not defined there.

i The horizontal asymptote is y = 3 because for x — teo: y — 3.

dy 5 2

b —==-2-Nx" ==

dx = x’

C j—y > 0 for the whole domain, so y is increasing for x € (=e, 0) U (0, o).
X

d Z—y # 0 for the whole domain, so there are no stationary points.
X

13 For h(x) = 2x’ — x* we have:
R(x)=4x — 4x° = 4x(1— x?) = 4x(1+ x)(1— x)
hMx)=0=>x=-1,x=0,x=1
h(=1) =1,h(0) =0, h(1) = 1

Since the function is continuous, three stationary points, (-1, 1), (0, 0), (1, 1), mean that there are four intervals that need to
be tested:

W (=2)=4-(=2)—4-(=2) =24 >0 = h(x) /" on(—e,—1)

h’(—l)=4~(—l)—4~(—l) :—§<Ozh(x)\4on(—1,0)
2 2 2 2

h'(l)=4.(l)_4-(l) =E>O=>h(x)/'on(0,1)
2 2 2) 2
W(Q)=4-2-4-2"==24<0= h(x) \on(],e)

Therefore, the function has maximum points at (=1, 1) and (1, 1), and a minimum point at (0, 0).

1 1
14 Forthe curve y = x? + x° we have:

1 2
d—yzlx_5+lx_3
dx 2 3
Atx=1 24122

2 3 6

: 1 6
The slope of the normal is: — =%
6

, : 6 6 16

The equation of the normal at (1, 2) is: y—2=—g(x—1):>y=—§x+?.



The normal intersects the axis at:

6 16
y=0=0=-—x+—=x=—
5 5
16
x=0=y=—
4 5
So,<1—§,b:E
5

15 For the displacement function s(t) = 10t — % ,t=0:
a The velocity function is v(t) = s’(t) = 10 —t.
When t =0, v(0) = 10m/s.
b v(t)=0=t=10seconds

1
C s(10)=10~10—§«1o2 = 50 metres

16 For the height function h = h(t) = 14t — 4.9t°,t =0 :

a \Velocity: v(t) = h'(t) =14 - 9.8t
Acceleration: a(t) = v’(t) = —9.8

b NMit)=0=14-98t=0=1t =143 seconds
h(143) =14-143 —4.9-.1.43% = 10 metres

c v(143)=0m/s
a(143) = -9.8 m/s’

17 For y = x° +12x° — x — 12 we have:

2

9 302 4245 -1,92 — 63+ 24
d d

X xz_

2
d};:O:>6x+24:O:>x:—4
dx

Forx=—4,y=(-4) +12(-4)" - (-4)—12=120
The inflexion point is (=4, 120).

18 For f(x) = 2 cos x — 3 we have:

a f'(x)=-2sinx,f’ (g) =) sin(g) =7 ﬁ -3

f(£)=2cos(£)—3:2.l_3:_2
3 3 2
Tangent at (g,—z); y+2:_\/§(x—7—3t)=>y=—\6x+n;/§_2

T 1 T NER NE

b Normalat|—,-2|: y+2=—7|x——|2y=—"x——"--2
(3 ) 4 ﬁ( 3) 7773 9

27 —r

19 a Surfacearea: S=2ra(r+h) =54r=r’*+rh=27 = h=

27 -1’
r

Volume: V =V(h)=r’rh=r’r- =rn(27 —r*) = #27r —r?)
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b V(h=n027-3")=0=B-1B+N=0=r=3, =73
The volume is a maximum for r = 3cm.

20 For y = ax’ +bx +c:
Passes through (2,18) = 4a+2b+c =18
Passes through (0,10) = ¢ =10
Maximumatx=2:ﬂ=0and Z—y=2ax+b=>4a+b=o

X X
The system of equations:

4a+2b+c=18
4a+2b=8

4a+b=0 = =b=8,a=-2
4a+b=0

c=10

The function is y = —2x” + 8x + 10.

1
21 For the function f(x) = 5 x’ —5x+3;

a f(—2)=%(—2)2—5-(—2)+3=15,f’(x)=x—5,f’(—2)=—2—5=—7

Tangentat (=2,15): y—=15=~7(x+2) = y = —7x +1

1 1 107
b Normal at (—2,15):y—15:7(x+2):>y:7x+7

22 For f(x) = x* — x° we have:

a f’(x)=4x3—3x2=O:>x2(4x—3)=0:>x=0,x=%
F/(=1) = 4(=1)° = 3(=1)> = =7 < 0 = f(x) v on (=, 0)
f’(l):4(l) —3(1) =—l<O:>f(x)\on (Oi)

2 2 2 4 4
ffM=4-3=1>0=f(x) /" on G,oo)
0662

4) \4 4) 256

Absolute minimum at (i = 2—7) .
4 256

27
b Domainis R and the range is (— =, °°).
256
¢ x)=12x"-6x=0=6x2x-1)=0=>x=0,x=—

o)+
2 2 2 16

The inflexion points are (0, 0) and (% - %)




23 a

24 a

L
LIRKY
3
[}
oS
%

\ E inflexipn /
I A

N L
S R g X)-
[ (0.5,-0.6R5)
minimum
(0{75,-0.1055
2—3x+5x’ 2 3 s
2-3x+5x e 2 xt? 0-0+45_ 5
li — = lim — =lim = =——
xoe  8—3x xoe  8—3x e 8 0-3 3
X x’
o Nx+4-2  Nx+4-2 Jx+4+2 x+4-4
lim =lim . =lim
=0 x =0 x Jx+4+2 =0 x(x+4+2)
: X ‘ 1 1 1
=lim =i =

SO X(xt4+2) o(xt4+2) Jota+2 4

G~ +x+1)

ox =1
lim =lim

:Iirq(x2+x+1):1+1+1:3

=1 x — x—1 N
o Jarm+2-Jx+2 . Jax+h+2-Vx+2 Jx+h+2+Vx+2
lim =lim .
hms0 h h—>0 h Jax+h)+2+Vx+2
. [(x+h)+2] - [x +2] . R 3 1 o
Coh(Jaxth+2+Vx+2) POR(Vxrh+24Vx+2) Jx+0)+2+Vx+2  2/x+2
2 3
f(x)= X \7—4x = x? —4x?
X
1 Lo3Jx 3x—4

5 1 =L 2

f' = 2_4,_ 2 = _ =
R T e e
f(x)=x’—3sinx

f/(x) = 3x* —3Cos x

f(x)=l+£=x’1+§

x 2
1
) = (a4 =t
F(x) = g (=13 = — 3?4
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25 Forthe curve y = x° + x” — 9x — 9, we have d_y: 3x? +2x—0.
X

The slope of the tangent at (p, g)is3p” +2p — 9.

As(p,g)isonthecurve, g=p’> +p* —=9p—9.

The equation of the tangent at (p, g)is y = (p” + p° =9p—9) = 3p° + 2p — (x — p) .

The point (4, —1) is on the tangent, so:

—1—(PP+p"=9p—-9)=0CBp +2p-9N4—-p)=>—-1-p —p +9p+9=12p° +8p—36-3p’ = 2p" +9p =
20 —11p" —=8p+44=0=2p’ —4p’ —7p’ +14p—22p+ 44 =0 =
2p*(p=2)-7p(p-2)-22p-2)=0=

(p—2)2p" -7p-22)=0=

11
(p=2Dp+2)2p-1=0=p,=2,p,==2,p, =

2
g=2"+2"-9-2-9=-15
g =2 +(=2 =9(-2)-9=5
1y (nmy 1 11
@ :(—) +(_) _9.__9=£
2 2 2 8
) ) 11 1105
There are three solutions for point (p, ): (2,=15), (=2, 5), ET .
1 1 1
26 Let (a, a’+ g) be the point at which the normal y = — % +¢, ¢ =0, intersects the curve y = x° + g.The slope
1
function for this curve is ﬂ = 3x°, so the slope of the normal at x = a is — 3—2 From the equation of the normal, we
x a
1 1
can see that the slopeis - —,s0 ——=-—=ad'=4=0a,=2,0, = -2
12 3a 12
25 25 1 17
For a, = 2, the intersection point is (2, ?) .Itis on the normal, so: F 24c=>0¢ = =
: : o 23 :
For a, = -2, the intersection point is | =2, — =) [tis on the normal, so:
23 1 47 17
—= =5 (=+ec=ec,== “ . This solution is negative, so the only solution is ¢ = ER
1
27 Forthecurve y = 3 x” — x, the slope function is Z—y = x” —1.If the tangent is parallel to the line y = 3x, it should have
X

the same slope, so: x* = 1=3=x’ =4 = x, =2, x, = 2.

1 2
Forx,=2:y,==-2-2==

1 2
Forx,=-2:y, =§-(—2)3—(—2)=—§.

2 2
There are two points with tangents parallel to the given line: (2, 5) and (—2, = g) .

d
28 For the curve y = x — x°, the slope function is L —q1-ox.
x
1
The slope of the normal at (1, 0) is — 5 =1, 50 the equation of the normalis: y—0=1-(x -1 = y=x—1.

To find the intersection points, we have to solve the following system of equations:

2
=x—x
{y : Sx—x=x—1=2x’=1=x=4%1
y=x-

We have been given the intersection point (1,0), so for x = =1: y = —=1— (=1’ = 2.
Point (=1, =2) is the other intersection point.



29 For f(x) = Vx + 2 we have:

f(x + h) — f(x) Jx+h+2-Jx+2

f'(x) =lim =||
h—0 h h—0 h
C Jaxrh+2-Vx+2 Jxrh+2+Vx+2 0 [(x+h)+2]-[x+2]
=lim . =lim
h=0 h Jax+h+2+Jx+2 h—>0h(\/(x+h)+2+\/x+2)

R 1 1

=i = =
mh(\/(x+h)+2+\/x+2) Ja+0)+2+Vx+2  2Jx+2

30 For the position function s(t) = t* — 9t* + 24t

a The velocity function:

v(r):§:3t2—18r+24
dt

V) =0=3t2—18t+24=0=t"—6t+8=0= (-2t -4)=0=>t=2t=4
$5(2)=2"-9.22424.2=20
s(4)=4-9-4°+24-4=16

b The acceleration function:

a(r)=ﬂ=6t—18
dt
at)=0=6t-18=0=t=3

s(3)=3"-9-3"+24.3=18
31 For the displacement function s(t) =t +sint,0 <t < 27
a The velocity function is v(t) = s’(t) = 1+ cos t .
Since —1< cost < 1= v(t) = 0, which means that the particle does not change direction.
b ForOst=sm:sint=0=t+sint=0
Forrst<2m:.—1ssint=0=>t+sint=nr—-1=0
So, s(t) = 0 for 0 < t < 27, which means that the particle is always on the same side of the origin.

¢ The acceleration function is a(t) = v’(t) = — sint.
at)=0=sint=0=t=0,t=m,t=2m1

d A |

s(0) maximum

2m27)

/
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d d’
32 Forthecurve y = ax’ +bx’ + cx +d d—y:3ax2+2bx+c, Y = 6ax+2b

. X XZ_
Inﬂexionwhenx:—1:Z);:O:>6a(—1)+2b:O:>—6a+2b:O
X
Tumingpointvvhenx:2:Z—y:O:>3a-22+2b~2+c:O:>12a+4b+c:0
X

Passes through (3,~7):a-3*+b-3’ +¢c-3+d=-7 = 27a+9% +3c+d =7
Passes through (—1,4) : a(=1)° + b(=1)’ +c-(-)+d =4 = —a+b—c+d =4
We have the following system of linear equations:

27a+9b+3c+d=-7
—-a+b-c+d=4

12a+4b+c=0

—3a+b=0

The system can be easily solved with a GDC:

[A] [E] [AI-T[E] An=kFrac
[[27 92 3 1] [[-7] [[.25 1]
[-1 1 -1 11 [4 1] [.73 1]
[12 4 1 @] [a 1 [-& 1]
[-Z 1 8 @all A 11 [-2.53]1]

|| | | || ||

So,y:lx3+§x2—6x—§,and,atx=2,y:l~23+§~22—6~2—§=—2.

47 4 2 4 4 2 2
. 9 18 i >
33 Forthe function f(x) =1- S+ —=1-9x" +18x"":
X X
2
Flay=18x" —7255 = B =4 _Bx#Nx=d) _, 52
X X

Since the curve is not defined for x = 0 (vertical asymptote), we have four intervals to check:

o 18(37=4) 10 o

f(_3)_—(_3)5 = 27<O=>f(x)\;or1( =2)

f’(—1)=M:S4>O:>f(x)/'on(—2,0)

=1

() = w =54 <0 = f(x) \yon(0,2)

18(37-4) 10
f'3)=——~L=—>0=f(x) /on(2 e
(3) = > (x) /" on(2, )
And because
lim f(x):lim]—%+§:1—0+0:1
X—>Foeo X—>Feo X X

9 18 1
f-)=1-——+—=——
=2 (=27 (=2 8

9 18 1
fQ=1->4+—=——
@) 2?2 8

1 1
We conclude that both stationary points, (—2, - g) and (2, - g) , are absolute minima.



1
34 a forthecurve y=—=x ', —==—-x" =——,so0 the slope of the tangent at (1, 1) is =1, and the equation of the
X

1
X
tangentis: y—1=—-1-(x—1) = y=—x+2.

b Forthe curve y = cos x, % = —sin x, so the slope of the tangent at (7—; , O) is — sin (g) = —1,and the equation of
X
the tangent is: y—O:—](x—g):;,y:_erg

) /4 V3 1 .
¢ Since2>—=-x+2>-x+—,allthetangents on y = — are above the tangents on y = cos x, which means
x

b4
that = >cosx, 0s<x <—.
X 2

35 For the curve y = x° — x + 2, the slope function is j—i =3x’—1.
If the point (g, a® — a + 2) is a point of tangency, then the equation of the tangentis: y —a’ +a—2 = (3a° = (x — a).
The tangent should pass through the origin, so: 0—a* +a—-2=(3Ba’ - 1)(0—a) = -a’+a—-2=-3a’+a=a = 1.
This gives us only one solution: a = 1.
Thetangentis: y =T +1-2=(3-F=N(x-1)= y=2xat(],2).

36 For the displacement function s = s (t) = 50t — 10t* + 1000
a Velocity: v(t) = Z—i = 50— 20t

2
b vit)=0=50-20t=0=t= ;so the maximum displacement is: s (%) = 50(2) -10- (g) +1000 = 1062.5m

37

maximum

- ()
minimum

inflexion
points
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Practice questions

1

a
b
(4
a

b

CD=CO+0D=-0C+0D=0D-0C
OA=CD=-2(-0c +0D)=-(0D-0c)
2 2 21 1 1 1
AD =-A0O+0D =-0A+0D =-—(0D-0C)+0D == 0D + = OC = —(0D + OC)
2 2 2 2
U+2v = (=i+2j)+2(3i+5j) = —i+2j+6i +10j = 5i + 12j

1 1
The unit vector in the direction of u+ 2v is; ———(5i + 12j) = — (5i + 12j). So,
54122 13

w=26-%(5i+12j)=2(5i+12j)=10i+24j.

|@\| =6 + 0’ = 6,50 A lies on the circle.
|OB| = \(-6)° + 0" = 6, 50 Blies on the circle.

|ﬁ| =52 +11° = 6,50 Clies on the circle.

=g m=_== =[5 ) (6)_[ -
AC = AO+OC = OC — OA (ﬁ] (O) [ﬂ)

Method I: Using a scalar product

)&
AO - AC 0 )l v 6 1 1

"2 23

RN < P TN

\E}
6

Method II: Using a cosine rule in triangle OAC

—1

In triangle OAC, SSS is given: OA =0C =6, and AC = ‘( N J‘ =12; hence,
6 +(V12) -6 12 3

2.V12 212 6

Method I: Using the result from ¢

cos OAC =

Using the Pythagorean identity for sine, sin”> @ = 1— cos® 6, and the fact that sine is positive for angles from

2
~ 1 11
0—180" we have: sin OAC =, [1— ﬁ =,/1—=— = ,|— . Hence,
6 12 12

1 ~ 1 11
A=—|AB||AC|sin A = —12~JEF =611,
2 2 12
Method II: Finding the area using side and height dimensions
In triangle ABC, side |AB| = 12; the height on this side is the second coordinate of point C, so:
A=212:T1= 611,

Method lll: Using the triangle in half circle property

The triangle ABC is a right triangle, with right angle in C. So: A = %lACl |AB| = %ﬂ 12=6V11.
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B

a OB= 10 AC = 2-5|_[ -3
5 71 6
b The diagonals of quadrilateral OABC are OB and AC. So, the angle between the diagonals is the same as the angle

between vectors OB and AC.
OB-AB =10-(-3)+5-(6) = 0; hence, the diagonals are perpendicular, 90°.

5 u+v=4i+3j

Theﬂ,a(4i+3j):8i+(b_2)j:>{40:8 {a:Z

3a=b-2 6+2=b=b=8

6 The direction vector is [ 3=(=1) J = ( 4 ); hence, the equation of the line is; r = ( _41 )+ r( 45 J ‘
-4 =

—4 3
Note: For the direction vector we can use ( 5 J,and for the initial point ( 1 ).So, the equation of the line can be any
of these combinations.

7 a The speed of the Toyundai:

(;i)‘zmﬁom/h
[ 3166)= 36% +(=16) = /1552 = 39.4 km/h

1 1
b i After half an hour, the vehicles have covered half the distance: 5( R )=( ° J; —( = J=( & ]

The speed of the Chryssault:

24 12 )" 2\ =16 -8

9-18

ii  The vector joining their positions at 06:30 is ( 12— (-9)

)

¢ The Toyundai must continue until its position vector is ( P ) so until k = 24. At that point, its position is

] = ( ;(9) ); hence, the distance between the

=9% +20° = /481 = 21.9 km.

vehicles is:

18
( 4 ).To reach this position, it must travel for a total of one hour. Hence, the crew start work at 07:00.

d The southern (Chryssault) crew lay: 800 -5 = 4000 m of cable.
The northern (Toyundai) crew lay: 800 - 4.5 = 3600 m of cable.

Their starting points were 24 — (=8) = 32 km apart; hence, they are now 32 — 3.6 — 4 = 24.4 km apart.

e The position vector of the Toyundai at 11:30 is( 18 J:( 18 ]

24-36 204
18
204

272
The time needed to cover this distance is: % -60 = 544 = 54 minutes.

=/18% +204° =/740.16 = 27.2 km.

The distance to base camp is:

8 The line passes through point ( 8 ) and has a direction vector ( § ] Hence, its equation is: r =( 8 )+ t( 2 ],or

=




b Point C has the same x-coordinate as A; hence, C (2, y) . We find the y-coordinate by using the fact that

— S . P —
AB and BC are perpendicular. From the graph, point Bis (5, 1). So: BC = [ p _5] ] = [ y—31 j and:

O:@-R‘:( 3][y__s]]:—9+4y—4:—13+4y:yzg‘Hence,C(Z,?).SO,OCz 13

4 8

= 12% +(=5)" =13 km/min.

~

=16 +12% =20 km.

10 a i |Initially, AirOneis at position r = ( 12 ); hence, its distance from the origin is:

12
-5
b or=| 16 |4e] 12 1| ¥ 2] 1012 | x=16+12t

12 =5 y 125t y=12-5t

x—16

ii  The velocity vectorisv = [ 12

) ; hence, its speed is:

From the first equation, we have t =

.Substituting into the second equation:

y=12_5x—16 _ 144 — 5x + 80

12 12
Note: If we multiply the vector equation of the line by the vector perpendicular to the direction vector, we can find
the result quite quickly.

() (5= ()R] (5 e

S5x+12y=5-16+12-12+t-0 = 5x+12y = 224.
¢ We have to determine the angle between the direction vectors:

=12y =224 - 5x = 5x + 12y = 224.

( 1? )( 2: ) =12-25-5-6 = 0; hence, the angle between the paths of the two aircraft is 90°.

x—23

xX=23+25t=>t="—"—
. 23 25 X 23+ 2.5t 2.5
di r= +t = = =
-5 6 y -5+ 6t y+5
6

y=-5+6t=t=

Hence, _x—23 = _y+5 .
2.5 6
—-23 5

Multiplying by 30: 30%230%z12(x—23)=5(y+5):>12x—5y:301
Note: We could also have used the method from b.

S5x+12y =224 25x+ 60y =1120 .08 —

ii 4 = 4 :>169x=4732:>28,y=w=7
12x -5y = 301 144x — 60y = 3612 5

Hence, the paths cross at the point (28, 7).
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e We will determine the time at which each of the planes is at (28, 7).

For Air One:
28 16 + 12t 28—-16=12t
7 12— 5t 7—=12=-=5¢t
For Air Two:
28 23+ 2.5t 28—-23=25¢t
7 -5+ 6t 7+5=6t

So, the planes are not at the point where the two paths cross at the same time, i.e. the planes do not collide.

GIS) e

cos 0= = = =
(1)K6 J 1+4J36+64 J5:-10 /5
2 I -8

=i
ezzcog“:ﬁ§::116565m° =117°

Method I:

58 =4
y+1

2 . . 2 x=4_,
3 . Hence, their dot product is zero: 3 y+1

-4
So,O:( g )[ 3;+] ]z2(x—4)+3(y+1)=2x—8+3y+3:2x+3y—5 and the equation of the line is:

2x +3y =15.

If (x, y) is a point on the line, then the vector [ ] is the vector on the line, and it is perpendicular to the vector

Method Il:

5 ) is a direction vector of the line.

2 3
If vector ( 3 ] is perpendicular to the line, then the vector [ > ) or(

3 S .
) ) .Now, we have to transform the equation into Cartesian

X 4+ 3t x=4+3t /2 2x =8+ 6t
form: = y = = = =2x+3y=5

4
So, a vector equation of the lineis r = ( . J+ T(

—1-2t y=-1-2t /3 3y=-3-6t

o (3 ()
- mevsaneaoris () (5] (& )(8)-(3)

ii The speed is the magnitude of the velocity vector; therefore: ‘( 68 ]‘ = /6% +(-8) =10km/h

x=6t /-4 4x = 24t
C =l © + - = o = / = * = 4x+3y=284
y 28 -8 28 — 8t y=28-8t /3 3y =84 24t

d The two ships will collide if the point (18, 4) is on the line. So:

1B 1_( 0 o 6 N 18 = 6t =3
4 28 -8 4 =28-8t

Therefore, the ships will collide at t = 12 + 3 = 15:00 hours.

x 18 5 18 +5t -5 13+ 5¢ 13 5
¢ y]z(z4)+@_D(12):(4+QI—Q):£8+13):(—8)+t(QJ

o




f Att = 3, Aristides is at LS and Boadicea is at S +3- T .
4 y -8 12 28

Therefore, their distance vector is:( ;Z ]—( 15 ]:( 123 ); hence, the ships are V10 + 24’ = \/676 = 26 km apart.

14 cos 6= ab _(_4'_21)('—71)_ -4 +14 10 10 ’

lalbl  |4i-2jli-7] Vi6+4v1+49 V20450 10vV2V5 V10

6=cos™ (ﬁ) =71.56505.."=72"

e (e (2

The distance from the point (0, 0) is: V3.4* +2° = \/15.56 = 3.94 m
0.7
1

c (;J=(5J+t~(oi7Jz(2+t0'7[Jzt=y;hence:x=2+0.7y:>x—0.7y=2

d Solve the system of equations:
x—07y=2
Y 04 —14=2ox="2 2586
y =06x+2 29

=@=5.52

b The speed of the car is: =077 +1=~149 =122 m/s

- .. (170 160
So, the collision point is (— , —)
29 29
e Since y = t, the time of collision is 5.52 seconds.

( o J—( 2kt )‘ =/5.86" +3.52° = 6.84 m. Therefore, the speed is the

The distance covered by the motorcycle is:
2 552

6.84
quotient of distance and time, and we have: —— = 1.24 m/s.

16 The direction vector is 6=1 1> i hence, the equation of the line is o] +t > .
5-3 2 y 3 2

Note: \We can use the other point as the initial point and then we will have the equation ; = 2 +t _2
17 a ( 2"5 )( x: JzO:>2x2+2x+5x—25=0:>2x2+7x—25=0
P
7 — A —7—+J249
b 2x2+7x—25=O:>x1 =ng—5.69,x2 :T:ZW
IB exam question:
a | ¥ || * |=0= 20+ 2x+5x—15=0> 2x2 +7x —15=0
58— 3 5
b 2x’+7x-15=0=x,=-5x, ==
2 24
18a i OA= 240 = |OA| = V240° + 70° = 250. So, the unit vectoris:L 2401 _ 251 _ [ 0.96 .
70 250\ 70 7 0.28

25
i v=300] 2% || 28
028 )| 84
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iii t= @ = E hour, or 50 minutes
300 6
b A8 = 480 — 240 _ 240
250-70 180
( 240 J( 240 )
70 180
05 O 57 600 + 12 600 _ 70200 0936

2407 + 7022407 +1807 250300

240 240
70 180
So, 8 = cos™' 0.936 = 20.609.." = 20.6".
ci AX= 339-240 | _[ 99
238-70 168

ii 2 =—3-240+4-180 = 0; hence, n L AB.
4 180

i The scalar projection of AX in the direction of n is %( 20 J( = ): —29/+672 = 75; hence, the distance

) 168 4 5
XYis 75 km.

d Using Pythagoras'theorem, we can find the distance from A to Y using the distances AX and XY So,

AX =997 +168” = /38025 = 195; hence, AY =195 — 75* = /32400 = 180 km.

x—1
X 1 > x=1—2t:>—_2 =0 1 _9
w2 ]-(3)+(7)- , P
J =2+3t:>yT=t -

a ST= 7=2) | ,and, since STUV is a parallelogram, VU = ST = i .
7—(=2) 9 9

W=u-v= ° = > —v= 9 = > | ® =v= = = v, and the coordinates of V are: (=4, 6).
9 15 9 15 9 6

b The line contains the point (5, 15) and the direction vector is parallel to . So, for the direction vector, we can

usethevector(1],50, rz( S ]+/1(1].
1 15 1

Note: We can also use the direction vector 9 and initial point (-4, 6). However, the question directs us to use

point U. This also ensures we avoid any possible mistakes we made when finding the coordinates of V.




c [T 5 Jea[1)sl1=5+A= A=
11 15 1 MN=15+ A= A=-4
So, the point is on the line when A = —4.
d i W:( a-—1 J=(0—1J
17 =11 6

[EW|=J(a-17+36 =o' —2a+37 =2J13 > ¢* ~3a+37=52

So:a’—2a—-15=0=a,=-3,a, =5

ii Fora=-3:EW= = ET = 7o) e
6 1-11 —4
6 J| -4 24— - 12
So, o5 D _ 24-24 zﬁz_grand0=cos’](——)=157,38‘..°z157°.
(_4 ( 6 J J16+36V16+36 52 13 13
6 —4

4
21 The angle between the lines is the angle between their direction vectors. The direction vector of the first line is ( 3 J
1
and the second is ( 1 )

HOR

The angle is: cos 6 = = =—.
E ‘(4)“( 1 J Ji6+9V1+1 52
3 -1

6 =cos™ (%) =81.869..° = 81.9".

Note: If the cosine of the angle was negative, then the angle would be obtuse; so, to find the acute angle, we would

have to subtract the angle from 180°. Here, it was not the case.
22a |a=v122+5 =13
b |bj=v6"+8 =10
The unit vector in the direction of b is: % (6i + 8j) = 0.6i + 0.8j.

ab 12-6+5-8 112 56

bl 13-10  13.10 65

C cos@=

23 The coordinates of the point of intersection should satisfy both equations. So:

_ 3A—4t=-7
E [ =30+8A+4=—T= A=—1t=1
=24 2+t 2A-t=1=t=-2A-1

Therefore, the position vector of the point is: OP = ( ?_5 J = ( § J
+

Note: \We can transform the vector equations to Cartesian form 2x + 3y = 13,and x — 4y = —10) and then solve the

system.
24 a 6@:/7@:55_@5:(10)_(7]:( 3 )
1 3 )

=R
PO PQ -3 )\ =2 21+6 _ —15

b cosOPO = PO[PG ~ Va9+9vo+4 s8\13 754
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c i Since POR+ OPQ = 180°, cos P@R = COS (1 80" — OﬁQ) = — cos OPQ.

ii  Using the Pythagorean identity for sine and the fact that the sine of angles in a triangle is always positive, we

have:
sinPOR = \/ — cos’ POR = \/1 cos’ OPQ = 152
4 75 \/75
iii Area of the parallelogram: A = |O—R| |@| sin 6= = 7= \/ﬁ@i = 23 units?
-2 3 \J13-53

5 58:[‘]),0—&(8]
7 9

b To find D, we have to find the vector of the side of the parallelogram:

A—D:ﬁ:ﬁ—@:( 2 )—( _7] J:( g ).NovvvvecanﬁndthepositionvectorofD;

00-01470=( 2 )+( 2 )= [ ) erce.a= .
= ()
av (35 )eem(7)(2)

4 _
Note: For the direction vector, we can use 1 .Then the equation would be[ ; ] :( 1 )+ r( 4 J

i Atpoint 8, t=0.We can see that =l T a0
7 7 -3
- ] . 7=—1+12[=>T=% )
« (-7 )(5)- 2 7173
- 5=7-3t=t=—

f @:@_o—c:(g]—(i){j]

@-@=( j)( ]i):—12+12:0; hence, CP L BD.

ot ()21

|AB| =25+ 1=1/26
23 -2 25
c i BAD=90";hence AB L AD = AB- AD = 0.

Ozﬁé»@z(_fJ(d_2)=—5d+10+25=>d=7

()




27 a

28 a

29 a

e[ 156
25 25 J)\25
6E=cﬁ+§6=(‘3)+(5 )=(2 )
-1 25 24
The area is the product of the sides: A = |ﬁ3| - |@| = /25 + 1725 + 625 = \/26+/650 = 130 units2.
i BC =0OC — OB = (=5i — 5j) — (i — 3j) = —6i — 2j
ii  OD=O0A+ AD = OA+ BC = (4i + 2j) + (—6i — 2j) = —2i
BD = OD — OB = —2i — (i — 3j) = —3i + 3j
AC = OC — OA = (=5i — 5j) — (4i + 2j) = —9i — 7]

BD-AC _~ 27-21 6 6
|@||A—C| CJo+ovB1+49  J18V130 V2340

cos 6= = 0=828749.° = 829°

r=i-3j+t(2i+7j)

We have to solve the vector equation: i — 3j+t (2i + 7j) = 4i+ 2j+ s (i + 4j).

1+2t=4+s
Hence, {—3+7t:2+45 =>5=-3+2t=-3+7t=2-12+8t=t=7,5=11.50, the position vector of the

intersection is: r =i — 3j+ 7 -(2i + 7j) = 15i + 46j.
OG = OA + AB + BG = 5i + 5j + 5k
BD = BC + (D = —5i + 5k

EB = EF + FG + GB = 5i + 5j — 5k

3 3 3
1 1
The unit vector in the directionof | 4 | iss ——————=| 4 |=—| 4 |, sothe velocity vector of the balloon is:
0 NI4T0 o] 2 g /
3
18
—| 4 |.Therefore, the equation of the path of the balloon is the same as the equation of the line through (0, 0, 5)
0 3 x 0 3
e 18 18
with direction vector = 4 I:b=[y |=| 0 +t-? 4
0 z 5 0
i t=0=(49 32,0)
—48 —48
ii The velocity vectoris | —24 |,sothespeedis: | —24 [= 48> +24” +6°|=+/2916 = 54 km/h.
6 6
(1803 _ 49 ag
0 3 49 —48 5
i AtR] 0 +T'E 4 |=| 32 |+t] =24 |= 18-4
' 5 - B t—— =32—24t
5 0 0 6 5
5=6t
- |
= P hour (50 minutes) satisfies all three equations.
= 49 ) [ 48 49— 40 9
ii  Substituting t = = into the expression forh (or b):{ 32 |+—=| =24 |=| 32-20 |=]| 12
6 6
0 6 0+5 5

Hence, R(9,12,5).
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30a i AB=OB-OhA= 200 | _[ -600 | _{ 800
400 —200 600

i |ﬂ3| =+/800° + 600° = 1000; hence, the unit vector is: L( 200 ):( uE j

1000\ 600 0.6
b i v=2s0] 2% |=[ 2P
0.6 150
i At13:00,t=1,s0: =680 | A0 o =
—200 150 -50
iii The distance from A to B is 1000 km, and, since the velocity of the aircraft is 250 km/h, the time is % = 4 hours;
hence, the aircraft is flying over town B at 16:00.
¢ Method I: Evaluating the time needed

1
Time taken to travel from A to B to Cis 9 hours (% hours) .The warning light will go on after 16000 litres of fuel

have been used. Time taken to use 16000 litres = 1168%(2)0 = ? Hence, é hour remains and the distance to town

Cis: %250 =~ 27.8km.

Method II: Evaluating the distances needed

The distance from A to B to Cis 2250 km. The distance covered using 16000 litres of fuel is:
% 250 = 2222.22 km. So, the distance to town C is 2250 — 2222.22 = 27.8 km.
Method Ill: Evaluating fuel usage

Fuel used from A to B =1800 x 4 = 7200 litres.

Fuel remaining until the light goes on = 16000 — 7200 = 8800 litres.

Number of hours before the warning light goes on: % =4 % hours; therefore, the time remaining is % hour,
and the distance to town Cis: % 250 = 27.8 km.

31 a The vectors are perpendicular if their scalar product is zero. So, firstly, we have to find the vectors:

1-3 -2 1-4 -3
QR=| 0-3 |=| -3 |.PR=| 0-1 |=| -1
26 =15 26=15 2c+1 2c+1
- ) -3
OR-PR=| -3 -1 [=6+3+Q2c-5Q2c+1)=4c"-8c+4
2c-=5 2c+1
The vectors are perpendicularif: 4c> =8c+4=0=4(c-1’ =0=c=1
- -3 3] (-4 -3
b PR=| =1 [=|-1[PS=| 1-1|=]| 0
2()+1 3 241 3
o (=3Y (3) (3
PSXPR=[ 0 |X| =1 |=| 0
3 3 3
¢ A vector equation of the line is:
3 -3 3-3t
r=| 3 |+t| =1 [=[3-t |.teR

5 3 543t




d We need one more direction vector (which is not parallel to the direction vector of the line) to determine a

32 a

Si— 1 2
normal to the plane. We will take a point on the line and point S: SO =| 3—1 [=| 2 |.Hence, the normal will be:
2 -3 i jk 9 5=2 3
2 IX| =1 =2 2 3|=| -15
3 3 =3 =1 3 4

Therefore, the equation will be: 9(x —1)=15(y =)+ 4(z—2)=0=9x — 15y + 4z = 2.

Note: We have a point and two vectors in the plane, so we can write parametric equations of the plane:

1 -3 2
r=| 1 [+ -1 |+u| 2 [[AueR
2 3 3
Method I:
o
Shortest distance is:
In| -1 9
3—4 1 2 -1
. - - PO -
Since PO=| 3-1 |=| 2 |, we have: | Q n|= 9 ki = 15
5 6 n| 81+225+16 /322

Method II:
We can use the distance formula for a point (x,, y,,2,) and a plane ax + by + cz+d =0
de lax, + by, + cz, + d|

Ja® +b7 + ¢

Hence, for the point P (4, 1,—1) and the plane 9x — 15y + 4z — 2 = 0, the distance is:

L _B@-150+4()-2 _ 15
Jo? 4152 4+ 42 322

0-1 -1} [1-0 1
AB=| —1-2 |=| =3 |,BC=| 0+1 |=]| 1
2—1 1 2-2 0
I 1 i jk =1
BXBC=| =3 |X| 1 [=|=1=3 1]=| 1
1 0 1T 10 2
o J6
We can use the formula for the area of a triangle: A = — [ax b|. Hence: A== 1 =5 1+1+4:7.
2
. —1
A normal to the planeisn= ABxBC =| 1 |[.Since point A is on the plane, the equation is:
2

“x=N+1(y-2)+2(z=-N=0=>-x+y+2z=3

The normal n is parallel to the required line. Hence,
x=2—t

y=-1+t ,whereteR.

z=-6+2t
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lax, + by, + cz, + d|

f The distance formula for a point (x,, ¥, z,) and a plane ax + by + cz+d =0'is: d =
Ja® +b7 +¢

Hence, for the point (2, —=1—6) and the plane —x + y + 2z — 3 = 0, the distance is:

_=n2+1(=0+2(-6)-3 _ 18 _
a= 1+1+4 _@_3@

-1
g Since n| =1+ 1+ 4 = V6, a unit vector in the direction of n is: S
V6 2
h Firstly, we will find the point of intersection of the plane and the line through D perpendicular to the plane. Hence, we
have to find the intersection of the plane P and the line from part e:
Sincex=2-t,y=-1+t,z=-6+ 2t we have:

—(2-t)+(=1+1)+2(-6+2t) =3 = 6t =18 = t = 3. So, the point of intersection is (=1, 2, 0) . This point is the

midpoint between points D and E. Hence: (=1,2,0) = (x52+ 2 , yfz_ ! e 2_ 6) = F(-4,5,6).
1 2 ijk - ; , 7
33au><v=2><—1=123=|‘ “1‘/(‘] ‘:4
3 5 5 1o -12 22 2 -1 s
b Method I:
A+2u
w=| 2A-u
3A+2u
The line of intersection of the planes is parallel to ux v. So,
A+2U 7
wuxv)=| 2A-u 4 |=7A4+14u+8A—4u—15A—10u =0 (forall A, ).
3A+2u J\ -5

Hence, w is perpendicular to the line of intersection.

Method II:
The line of intersection is perpendicular to the normals of both planes; hence, on vectors u and v. Therefore, it will be
perpendicular to the plane containing those two vectors, that is, to all vectors of the form Au + uv = w

Method Il
The line of intersection is perpendicular to the normals of both planes; hence, on vectors u and v. Therefore, for a
direction vector d of the line, it holds:

d- =
{ = d(Au+ uv)= Ad-u+ ud- v =0;and d is perpendicular to w.

d-v=0

- 242 4
3a OP=0A+0B= 1—1 = o |=Pr4,0-3)

=3

- 3
00=0A+0C = =[ 3 |=0Q(330)

—2+2 0

- 2+ 3
OR=0B+0C =| —142 1[=RGB1Y)

—1+2 1




35 a

C

- 2+2+1 5
OS=0A+0B+0C=| 1-1+2 |[=]| 2 [=5(.2-)
=R i
. 2 2 —3 3
OAxXOB=| 1 |x| =1 |=| =2 |=-=| 2 |;hence, the equation of the plane is:
-2 -1 -4 4

3x—2)+2y—1)+4(z+2)=0=3x+2y+4z=0

Note: Parametric equations of the plane are:

1 4 3
r={ 2|+ 0 |+pu| 3 [ AueER
1 3 0
I =R
V=|0Ax0B)-OC|=| -2 || 2 |=F3-4-8=15
-4 )\ 2
S 0) [ 0+1 1
AB=| 3-2 =] 1 |.AC=| —-1-2 |=]| -3
5-3 2 1-3 7
0 1
1| -3
) 2 )\ 2 -/ 6 =146.789.." ~ 147°
cos 6= = = 0=146789." =
N+4V149+4 5414

Method [:

| 5 1
A== [AB|[AC|sin 6=~ /514 5in146.789.." = 229 units”

R TR T

1d6. Fa9Eg9s
1;2¢ﬂ5*14?51hﬂﬁh

2. 291287847

Method II:
A= [8[AC]sin 6
2

-7/
Using the Pythagorean identity for sine and cosine, we have: sin 6 = + 1—(—
g ey / e NN
1 == 1 3 V21
A=—|AB|[AC|sin @ == /514 ——= =~
2 2 V10 2
Method Il
0 1 4
T— — 1 1 1 V21
A==[ABxAC==| 1 |x| -3 |==] 2 |==Vie+4+1="
2 2 2 2 2
2 -2 -1
2 0 x=2
i Forl:r=| -1 |+t 1 |= y=-1+tteR

0 2 z=2

)2_ L3
a 10 V1o
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- 1 x==1+5s
For,:r=| 1 [+s| =3 |= y=1-35,5€eR
1 -2 z=1-2s
ii  The lines are not parallel, because the direction vectors are not parallel. Hence, we have to solve the system:
2=-l+s=>s5s=3
=1+t=1-3s
2t=1-2s

From the first equation, s = 3, and substituting into the second equation: t = 2 — 3(3) = —7, and third equation:
2(=7)=1-2(3) = —14 = —5. Therefore, the system has no solution and the lines do not intersect.

d The shortest distance is given by W , Where d and e are position vectors of the points on the lines,
WX 2
and I, and I, are direction vectors of the lines.
. 4
I xL=ABXxAC=| 2
=]
-1 2 4 3\ 4
1 (=] =1 2 2 2
Hence =it <L) _ 1 0 il A
T x| 16+4+1 J21
36 a Method |
We will use matrices and their properties:
13 2)[ x -6 x 13 2)(-6 1
21 3 Y= 7 [(=|y|=]21 3 7 =] =1
3 =11 z 6 z 3-11 6 2
ATRIXIAI 3 =3 ATRIXIET 3 =1 [AT-*IE]
T a "]
x -1 h] E- 1 [2 11
22 z=1 32 1=6
Method II:
We will use PolySmit:
EVEHATRIN (Z=41 Solution
IR Pl | e
we="
i ) iE:
32 4=E
WAIN| NEW |CLR LOAD|ZO0LYE |[HAIN|EACK [ZTOsvs|[ZT0x |
ijk
] 2 J (3 =20 .1 =2 13 I
b V=l 3 X T=113 20=0 =i, Rk =]
=2 3 21 3 =3
¢ Method I:
2 m+2n
u=m| 3 |+tn| 1 (=] 3m+n
=2 3 —2m+3n




37 a

11 m+2n
vu=| —7 3m+n =1Im+22n-2ImM—-7n+10m—-15n=0
=5 —2m+3n

Method II:
From part b, v is perpendicular to both a and b, so va = 0 and vb = 0. Hence, v (ma + nb) = mva + nvb = 0, for all

values of m and n.

3
The line is perpendicular to vector v and to the vector | —1 |. So, a direction vector of the line is:
1
11 3 i j k —12 6
=7 = o T = 11 =7
=7 = EE 2 = 15_1315 s a7 2R
=35 1 3 =1 1 10 =5
1 6
and a vector equation of the lineis:r=| —1 |+ A| 13
2 =5
1-1 0) [ 2-1 1
1 AB=| 2-3 [=| =1 |LAC=| 3=-3 |=| 0
4—1 3 @ 5
0 1 i jk 5
TBxac=| 1 |x| 0 |=o o1 3=i|7" 3|=j| 3|+k[0 7=
05 15 1 0
3 5 10 5
1 1l 2 J35
i A=—|ABxA(==| 3 |=-V25+9+1="—"=
2 2 1 2 2
I
i  The plane contains the point A and its normal is AB x AC =| 3 |[; hence, for the Cartesian equation, it holds:
1
—Sx—-N+3(y-3)+1(z=1)=0=> -5x+3y+z=-5+9+1
The equation is: —=5x +3y +z =5.
=35
ii  The line contains the point D and its direction vectoris ABx AC =| 3 |:hence, the Cartesian equation of the
line is: 1
x=5 y+2 z-1
=5 3 1
We will firstly write the equation of the line in parametric form, and then solve the system:
x=5-5¢
y=-2+3t
z=1+t
—5(5=5t)+3(=2+3t)+(1+1)=5=> 25+ 25— 6+ 0t + 1+t =5=35t=35= t = |
x=5-5(1)=0
The pointis: y ==2+3(1) =1t = (0,1,2)
z=1+()=2

d The distance is the same as the distance between points D and P:

d=\5=0F +(2= 1 +(1-2 =V25+9+1=35
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1
38 a The line contains the point A and its direction vector is | 1

x=2 y-5 z+] 1
1 1 1

b We will firstly write the equation of the line in parametric form, and then solve the system:
x=2+t

; hence, the Cartesian equation of the line is:

y=5+t
z==1+t =
1240)+165+0)+1(=1+1)-1=0=2+t+5+t—-1+t-1=0=>3t=-5=t=-—=

)

5 110 8
The pointis: y=5+|—-=| ==, —,—=
¥ Y ( 3) (3 3 3)

¢ Method I:

1

1 10
Denote the image point A”. Then, the point of intersection, (5 —, = §) of the line and the plane is the

midpoint of AA’. Hence, (%E _§):(2+x oty _1+Z)=>

373 2 2 "2
1 24x , 2 4
-= —x=s-2=-=
3 2 3 3
10 54y 20 5
—:—y:y’:__Sz_
3 2 3 3
B vz 16, 13
32 33
Thus,A’(—i,é,—E).
3 3 3
Method II:
Parameters of the points of the line are:
t=0forA
5 . . 10 .
t=-— 5 for the intersection; hence, t = — 5 for the reflected point.
10 ] 1=0%AA
x’:2+ —?

2-2 0 1
d We have: AB = 0-=5 |[=| =5 |, and a direction vector of the lined = 1
6+1 7 1




Hence:
0 1 -12
- -5 [x| 1 7
d_|AB><d|_ 7 1) U5 ) V218 (_ es4
d T+ 141 J3 3 3

3
39 a The plane contains the point P and its normalis | —4 |; hence, the Cartesian equation of the plane is:

1
3(x=1)-4(y-2)+1(z=11)=0=>3x-4y+2z=6

bi W+32)-(01)=1+6-11=4;hence, Pliesin x,.

ii  The intersection of the planes contains the point P and its direction vector is the vector product of the normals:

3 1 1
—4 |x| 3 |=| 4 |[.Hence, avectorequation of the line is:
1 -1 13

r=| 2 [+t 4 |,teR

11 13
¢ Theangle between the normals is:
3 1
-4 || 3
1 = —10
cos 6, = =
VO+16+1W1+9+1 V2611
: 10
Hence, the angle between the planesis: cos 8 = = 0=153.7498.° = 53.7°.
J P V2611
2 -9
40 a x;r =%=z2 =U=x=-2+3y=Wz=9-2uhence: M (-2+3u, 1, 9—2u)
b i x—4=1=z+3
3 1 -2
—2+3u—4 3u—=6
i PM= T = u
9—-2u+3 —2U+12
3 G s
ci PM- =0=> i 1 |=0=>9u—-18+u+4u-24=0=>14u=42= u=3
=2 —2u+12 J{ =2

ii  The distance between the lines of magnitude of the vector W, where u = 3:
3u—=6

3
PM = u =| 3 [;hence the distanceis:d = V9 + 9 + 36 = /54 (= 3\@)
—2u+12 6
3 3 —12 2
d Anormaltotheplaneequals:| 3 [x| 1 |=| 24 |[=-6| —4 |;hence, the Cartesian equation of the plane is:
6 -2 -6 1

2(x—4)—4(y-0)+1(z+3)=0=2x—4y+z=5
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Solution Paper 1 type

e Thelineison , (from part d).

Testing the line on 7,: (=2 + 3u) = 5 (1) — (9 — 2u) = =2+ 3 — 5 — 9+ 2u = —11. Therefore, the line is in both
planes; hence, /; is the line of intersection.

Solution Paper 2 type

e Solve the system: EYZHATRIN (2=4) Solution Set
3 | SETLT
x=5y—z=-11 REISRE

So, the intersection is the line:
zay=-11
11.5 -15 MAIN| NEW | CLF [LOAD [ZOLVE MAINERCE [=TOs»s[REEF |
r=| 45 [+t —05 [,teR
0 1
—1.5 3
A direction vector of the lineis: —=2-| —=0.5 |=| 1 |, and, for t =9, the position vector of the point is:
1 -2
11.5 —1.5 —2
45 [+9] 05 [=| 0 [, whichislinel,.
0 1 9
41a L[:x=2+ty=2+3t,z=3+t
L:x=2+s,y=3+4s,z=4+2s
g=240=2F5
Hence, at the point of intersection: {y =2+ 3t =3+ 4s
z=3+t=4+2s
Method I:
From the first equation, we have t = s; from the second, 2 + 3t = 3+ 4t = t = —1. Substituting into the third equation:
3+(-0)=2 o ,
{4 +2(cl)=2 ; hence, the lines intersect at the point (1, =1,2) .
EYSHATRIN (3 =31 SDIEt.ln:un
. [i -1 0 1 =18~
[oovteats  [ros=2-2 N RS
y=2+3t=3+4s5 — {3t—45=3-2
Z=3+t=4+2s t-2s=4-3 S
HAIN| nEH [CLE|LOAD]Z0LYE| |HAIN[EACK [£TOsws|T0x |

Hence, t = s = —1and the point of intersection is (1, —1,2) .

b The normal to the plane is perpendicular to both direction vectors, hence:

1 1 2
3 [x]| 4 |=]| =1 |.Since the plane contains the intersection point (1, =1, 2) , the Cartesian equation of the plane is:
1 2

1
2(x=0)=-1(y+1)+1(z=2)=0=2x—y+z="5.




’ ’

¢ The midpoint M of [PQ] is:/\/lz(E —ird £)=(2§E)
2 2 2 2 2

2 2t

The vector MS is parallel to the normal to the plane zr, so MS = t| —1 |=| —t |; hence,

- 1 t
S(2t+2,—t+§,t+§).From Pi=3=

3. 5 .Y 5Y A%
\/(2t+2—1)2+(—t+—+1) +(t+——2) =\/(2t+1)2+(—t+—) +(t+—)
2 2 2 2
15 1 1
o' +— =32t =—-=t=%—
2 4 2

So, the possible solutions for S are:

51(1+2,—l+§,1+5)=(3,1,3)and52(—1+2,l+§,—l+5)=(1,2,2).
2 22 2 2 2 2 2

Note: We used the fact that |FTS| = 3.Theline L is the symmetry line of the segment [PQ]; hence, |@| should be 3.

That means that we will have the same equations if we use |5§| =3

x=2-2A+U x=2+s+t
42a i L:y=1+A1-3u L:y=0+2s+t
z=14+8A-9u z=1+s+t

2-2A+u=2+s+t
Hence, at the points of intersection: 41+ A—3u =25+t
T+8A—9u=1+s+t

Subtracting the third equation from the first, we have: 1= 104+ 10u=1= A=

Solution Paper 1 type

xX=2-2A+A=2-1
ii If A= uforpoints on the plane L;, then those points are on the line: y =1+ A—34=1-2A4, whose vector

z=1+81-9A=1-1
2 -1
equationis: r=|[ 1 |+A] =2 |, AeR.
1 -1
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Solution Paper 2 type

2-2A+pu=2+s+t 2A+pu-s-t=0
i We have to solve the system: {1+ A=3u=2s+t = {A-3u—2s—t=-]
T+8A—-9u=T+s+t 8A—-9u—s5—t=0
EYSHATRIR ( 3= 5) Folution Sel
L1 4 1 oo ::{15%—::{3
L=z = - wz=1-=:z
= B HETH
w#y=-1
z:5=H
HAIN] NEH |CLE[LOAD[EOLYE | |HAIN|EACK [5T0525]RREF |

x=2+k-1=1+k
If we substituteinto L,: s =k, t =—1,we have: y =0+2k —1=—-142k
z=1+k-1=k
1 1
Hence, the intersection lineis:r=| —1 [+k| 2 |, ke R.

0 1
x=2=-20-N+0-=1)=1+1
Note: If we substitute into L,: A=1-/, u=1—/,we have: y =1+(1—/)—3(1—1/)==1+ 2/ ; hence,
z=1+8(1-N-90-1)=/
1 1
r=( -1 |+/| 2 [./[eR
0 1

Note: The lines found above are the same, since the direction vectors are parallel and, if we substitute / = 1 into the

2
second equation, we will have the point | 1 | from the first line. Hence, we can use any solutions in the remainder of the
task. 1

b The point (2,0, —1) from the line is on the plane. Hence, the Cartesian equation is:
3(x=2)-2(y)+(z+)=0=3x-2y+z=5

2 =
¢ The planes intersect attheliner=| 1 |+ A| =2 |, A€ R, so we have to find the intersection of this line and the
plane 7, . 1 =1

We will firstly write the equation of the line in parametric form, and then solve the system:

x=2-2
y=1-24
z=1-41

32-2)-2(1-20)+(1-A)=5=>5=5

The equation is satisfied by any real value of 4; hence, the plane 7, contains the line, and the intersection of the three
2 =

planesistheliner=| 1 [+ A| -2 |, AeR.
1 =




Practice questions

1 The important points of the first derivative are zeros, where the original function reaches a minimum or maximum,
x =—4 and x = 1, and the maximum point, at the midpoint. The intervals of the positive and negative values
of the first derivative are to be established by the increasing/decreasing intervals of the original function. So:
f'(x)>0,-4<x<landf'(x)<0,x<—4orx>1.

y

2 a Given the product form of the function, the values a and b are zeros that can be easily read from the graph.
Therefore,ia=—4 andiib = 2.

b i We can use the product rule but we have to be careful since there are three factors.
flx)=—(x+4)(x-2)—x(x=2)—x(x+4)=—(x"+2x -8+ x’ — 2x + x’ + 4x)

:—(3962+4x—8)=8—4x—3x2
i f'(x)=0=28-4x-3x"=0=3x"+4x-8=0=

Lo AEN16+96 _—4i4ﬁ_—2i2ﬁ:>

6 6 3
—2-2V7 2+ 27
7= orx =
3 3
i F()=-10+4)(1-2)=5
¢ i m=f'(0)=8= Equation of tangent: y = 8x

i —x(x+4)(x-2)=8x=«x (;8/ +x+ 2x7/§) =0 = x’ (x +2) = 0. Since the point differs from the origin,
we can conclude that the x-coordinate of the second pointis x = —2.

3 a i Whent=0:v(0)=66-66e"""=66-66x1=0
i Whent=10:v(10)=66—66e">" = 66(1—e*) = 51.3m/s
b i a(t)=v'(t)=-66e"" x(-0.15)=99¢*"™
i a(0)=99e"%"" =99 m/s?

—0
c i lim|66-66e"" =66

t—>o0

=L
i lim|99e°" |=0
t—oo

iii Since the velocity is constant (66 m/s), the acceleration must be zero.
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2
4 a y'=3x2+14x+8=>y'=O:>3x2+14x+8=0:>(3x+2)(x+4)=0=>x:—§ orx =—4

2 2 2

x <-4 -4 4<x<—= —— x>—=
* 3 3 3

f'(x) positive 0 negative 0 positive
f(x) increases maximum decreases minimum | increases

To find the exact coordinates, we can use synthetic division, also known as Horner’s algorithm.

f(x)
A 1 7 8 -3
4 | 3 4 13
2 19 34 149
_—— 'I R R —_——
3 3 9 27

2 149
So, the maximum point is (=4, 13) and the minimum point is (— S0 —)

27
14 Vi
b y"=6x+14=>6x+14=0:>x=—g=—§
7 7Y 7Y 7 343 343 56 —343+1029 — 504 —81 101
fl-=|=[-=| +7x|-=| +8%|-=|-3=——+—-—-3= =—
3 3 3 3 27 9 3 27 27
So, the point of inflexion is (—Z , 1—01)
3 27
Note: Horner’s algorithm could also be used here.
f(x)
) 1 7 8 -3
7 14 26 101
E—_— ‘I —_— —_— —_—
3 3 9 27

5 ai gx)=2+e”"=g'(x)=e*x-3=-3c"

ii Since —3¢7* < 0 for all real values of x, we can conclude that the function always decreases.

b i g(x):2+es":>g(—%):2+eax( 3)=2+e
il
ii gl(x)=—3€_3xﬁg'(—%)=_363(3)=_Se

1
c y=—3e(x+§)+2+e:>y=—3ex7é+2/=—3ex+2

6 a Firstly, we are going to write the function in product form:
f(x)=(2x" = 13x+20)(x = 1) = f'(x) = (4x = 13) (x = ) +(2x" = 13x + 20) x (-2) (x — 1)
457 —17x +13 4% + 26x — 40
(x=7’

=(x =17 ((4x =13)(x = )+ (2%° = 13x + 20) x (-2)) =
_ O9x — 27
(x=10""

x#1




b We know that a minimum point has the first derivative equal to zero, and therefore:

9x — 27 27
f'(x)=O:>(x ¥ =O:>9x—27=0:>x=?=S.Also,thesecondderivativemustbepositive,so:
e
72—-18 72—-18%x3 72-54 18 9
frix) =2t S fr(3) = alis ——=2s0
(x=1) (-1 16 16 8

Therefore, f(3) is a minimum.

c For the point of inflexion, the second derivative must be equal to zero.
72 —18x 72

f'x)=0=—F=0=272-18x=0=2x=—=4
() (x—1)* 18
2x4*=13x4+20
y=1(4) @ (4,0)
7 a Rewriting as an expression having an integer exponent:

B R |
(2x+3)’ 2
" = y'= " x cos (5x) x 5 = 5cos (5x) e

y=0x+3) = y'=-2x2x+3)°x2=

sin(

b y=e
2 2 ' 2 2 2 2 2 2 1 4XSin(x2)
¢ y=tan’(x’)= y'=2tan(x’)sec’ (x”) x 2x = 4x tan(x’) sec’ (x*) or y =W
cos” (x
C C C C C
8 y:Ax+B+—:y'=A——Z:y':OzAz—Z:xzz—zxzi\ﬁ
x x x A A .
By observing the given stationary points, we can establish a relationship between Aand C:x = 1= 7 =1=>C=A.

Now, we need to use the fact that points P and Q lie on the curve itself, and therefore their coordinates satisfy the equation
of the curve.
P(1,4):>4=A><1+B+A:>2A+B=4
1 ; —2B=4=B=2=A=C=]
Q(-1,0=0= A><(—1)+B+—]:—2A+B:O
d R’ x’ 7
9 x’+y'=2/—=3x"+3y’y'=0=>y'=- =—==y'(1)=-5=-1
y Ix Yy VETRF T, y()=-5

2
3x2=—3y2y'/%:5 x==FQyxy+yy)=22:+29() =y’
. 2x+2y(yY) \ 2x 14 2% T1x (=1
)/ :—#:y (],])z_—z()z
y 1
o Ix(ef=1)—xxe" (I—x)e" -1
Ly ) exe (e
(e -1) (e -1)

b y=esin2x = y'=e"sin2x+e* cos2x x 2 = e* (sin 2x + 2 cos 2x)

—4

10a y=

e* —1

c y=(x2—1)|n3x=>y':2x><|r13x+(x2—1)><l:2x|r13x+x—l
X x

1 1 1 1 3
1M y=x"-4x=y'=2x—-4=>m, =———=——,equationof normal: y=—=(x —3)-3 = y=——x—=
y y V=T E T 2 y=-5x=3 y==o%=3
1 3 3 3 1 3
x=O:y=——><O——=——,P(O,——);y=OzO=——x——:x=—3,Q(—3,0)
2 2 2 2 2 2

12 a The x-coordinate of P can be read from both graphs. In the first derivative graph, we can see that the curve has a

minimum point at the point where x = 3, whilst, in the second graph, we can see that the line has a zero at the point
where x= 3.

b Since point M is a maximum point, we know that the first derivative must be equal to zero; therefore, by observing
the first graph, we have two possible values: x = 1or x = 5. Now, by looking at the second graph, we can see that

x=1= y"(1) < 0 and we have a maximum point. For the second point, where x = 5 = y"(5) > 0, we have a local
minimum.
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C
T\
4\
Y
, \ ".\‘
[ | BN R
\ ]
\
\
q \II

=6

13 x’+xy+y° —3y=10 i=>2x+y+xy'+2yy'—3y'=0:2x+y=y'(3—x—2y)=>y'=ﬂ
dx 3—x-2y
my =-— |1 =—3_2_2X3=é:>Equationofnorma|:y=é(x—2)+3=>y=£x+!
y'(2,3) 2x2+3 7 7 7777
Solution Paper 1 type
14 V=rnh=1 28/f—r2;fh=>h—@
2
S=2r27r+2r7th:>S(r)=2r2n+2/n§=2r2ﬂ+@
r
S'(r)=4rm— 2567 4( 6?):>S'() O=>r—6—4—0=>r—6—4=>r—64:>r—\/_ 4 = 158 8
r’ r r’ r’

So, the radius is 4 cm and the height is 8 cm.

Solution Paper 2 type

14 On a GDC, we simply input the surface area function and calculate a minimum.

Flatl Flokz Flots WIHOOW 128-%e

My E2REm+2SETS “min=Q 2. BEEEEEE5S
W= “max=16

wr= nscl=1

wMy= Ymin=

(o}
wMo= Ymax=2E8
M= VY=o l=184 H.n.mu
wWe= sres=1 ¥=%.080990 _Y=z01.50z209 .

So, the minimum surface area occurs when the radius is 4 cm and the height is 8 cm.

15 Let’s focus on the vertex of the rectangle in the first quadrant. The coordinates are (x, y) = (x, 12 = xz). Now, the
dimensions of the rectangle and its area are: | = 2x,w = y = A= lw = 2xy = A(x) = 2x (12 - xz) =24x —2x°.

To find the maximum possible area, we need to find the zero of the first derivative.

A(x)=24—-6x" =2 A'(x)=0=24—6x" =0 =24 =6x" = x’ = 4 = x = 2, since the vertex is in the first
quadrant. Again, we can verify that we have a maximum point since the second derivative test gives us a negative value:
A'(x)=-12x = A"(2)=—12x2=-24 < 0.

So, the dimensions are / = 2x 2 = 4 and w = 12 — 2° = 8, and that gives us the maximum possible area of 32.



16 a The first derivative is negative when the function is decreasing, whilst the second derivative is negative when the
function is concave down. By looking for these features, we identify point £.

b The first derivative is negative when the function is decreasing, whilst the second derivative is positive when the
function is concave up. By looking for these features, we identify point A.

¢ The first derivative is positive when the function is increasing, whilst the second derivative is negative when the
function is concave down. By looking for these features, we identify point C.

17 yzﬂi, c2(x+2)-(Qx-7)x1 ){4.472/_{_1 5

x+2 - (x+2) (x+2)  (x+2)
5 1
(3)=———==5=>m =——
y( ) (_3+2)2 n 5
Equation of normal: ——l(x+3)+7=> ——lx—§+7=> ——lx+2
. TS IS 7775 5
18 y=h(4x-3)=y'=— = =4
y =In( )=y'=—==2r 0=
a mT=y'(1)=4:Equationoftangenty=4( —1)+O:>y=4x—4
1 1 1 1
m, = — ——= = —— = Equation of normal: ———x—1+0=> =——x+—
ey i q y (x=1) y 4 7
19 y=x2|nxﬂy'=2x|nx+x1x;—x(2|nx+1)zy =2Inx+1+ £ x % =2Inx+3
1 = 1
a y=0=xQ2Ihx+)=0=2nx+1=0=Inx=—-=x=e?=— 0of ——
YO 1 e? :
=le?|Ine?2=——;s0,P—=,——
4 ( ) 2e (\/E 26)

Notice that the domain of the function is x > 0; therefore, we discard the solution x = 0.

1 1
y"le ( ) 2lne 2 +3=-143=2> 0; therefore, the point Pis a minimum.

lim y = lim x’Inx =0and lim y = lim x”In x = o ; therefore, the point P is the absolute minimum.

x>0 x—0" x—yeo xX—>o0
b y'=0m2nx+3=0mx=crotol y- eizlnei——i'so/(L —i)
4 E ede '’ 22" \ede' 2¢?
20 f()=x+2=F(x)=2x-5=F"(x)= z+2—a
i f'(Z):O:ZXZ——Z:O:a:W
2
i f'(—3):O:2><(—3)—(L3)2:O=>a:—54

b f'(x)=2x- —0:>2x—a:>x—\F,f" 32 |=2+ 2 =2+ —/d:
X’ 2 2 ( /af
,|a A
2
Since the second derivative is always positive, the stationary point cannot be a maximum.
21 Aline y = mx + [ that passes through (3, 2) satisfies the following equation:

2=mx3+/=/=2-3m;y=mx+2-3m
3m-—2
m
Therefore, the area of the triangle is given by the expression:

x=0=>y=2-3m;y=0=>0=mx+2-3m=x=

7 2
Alm) =~ (2 3m)3M=2_ _BM=2) (- - 2B8m=2)x3x2m - (3m = 2) x2
m 2m 4m
_ _ _ , :
:_2(3m 2)(6rr2) 3m+2) __2(G3m 2)(23m+2) A(m=0=0Bm=-2)Bm+2)=0=>m==orm=-=
4m 4m 3 3



Chapter 15

——x+4
3
22 yzxtanx:xzz:yzztan

T T

_:_,P(z,z)
4 4 44

y'(x):tanx+xseczx:>y'(z)

2
We can discard the first solution since, form = 3 the line passes through the origin and so the triangle doesn't exist
2 2
m=——=>/=2—3><(——);y=
3 3

A A 4 T T
=tan—+—sec’ | —[=1+—F—X%X 2 =1+—
4 4 4 (4) A z 2
m; = '(E)—HE:E uation of tangent: —(1+£)(x—2)+2:> —(1+£)x—lz
IRV 2 R 2 4)" 377 2) 78
1 1 2 : 2 T\ T
m, =— =— =- = Equation of normal: y = — x——|+==
(g) L F 2+m 2+ 4) 4
y +
4 2
_(_ 2 )x+ 2 LN _(_ 2 )x+4”+”2
4 2+ 7 42+ 4 4 2+ 7 42+ 7)
2 o5 Ax 2
e 2 , 7 xe ?
23 a f(x)=m:>f(x) N __\/%:}
2 7x—2 —Zx x2
& 2 o
R S Gl
X)=— — =
N2m N21 NGY:
f'(x)=0=x=0 =f(0)=e—O=L:>M(OL)
o NEYENGY NbY
+1)
S
f"(x)=o:>x2—1=o:>x=J_r1,y=—T
T
b

1 1 1
=——=2-l—=|. L1
V2erw 1( \/2671') 2( )
We notice that the function fis even, and therefore symmetrical with respect to the y-axis.
Q

)

\2er
: : e
lim f(x) = lim f (x) = lim
c

X—>oo

2
21

= 0; therefore, the x-axis is the horizontal asymptote.

y
)
(0, 0.3989)
(1,0242) __— | T (1,0242)
X
-2 -1 1 2
-1
2x 4x —x’+4x-3
24a f(x)=2In(x’+3)-x=1'(x)=2 —i= 1=
) ( ) () x*+3 x*+3 |: x*+3 :|
4x 4x
f'(x)=0= —-1=0=
() x*+3 %

x=3,y=2In12-3jorx=1y=2In4-1=4In2-1

=1=4x=x"+3=0=x"-4x+3=>(x-3)(x-0)=0



We notice that the denominator is always positive; therefore, the sign of the first derivative depends on the numerator,
which is a quadratic expression that has a negative leading coefficient.

x |l 1 1.3 3 13,

f'(x) negative 0 positive 0 negative

f(x) | decreasing | minimum | increasing | maximum | decreasing

To conclude: (1,4 In 2 — 1)is a minimum point and (3, 2In 12 — 3) is a maximum point.
4(x"+3)—4xX2x 12— 4x°
b f'(x)= k=) f *_ x2:>f"(x)=0:12—4x220=>x=i\@
(x2+3) (x2+3)

Again, since the denominator is always positive, we can conclude that the sign depends on the numerator only, and

the numerator is a quadratic expression which changes its sign at the zeros. Therefore, we can conclude that the
x-coordinates we found are those of inflexion points.

2 2(18+0015x%)—2x x 03x  2(18 - 0.015x"
25 f(x)=—— = f'(x)= ( ) a 2 Z)
18+0.015x (18+0.015x") (18+0015x%)
18
f'(x):O:18—O.O15x2=O:>x2:m:1200=>x:\/1200:20\@z34.6km/hr

d Aox  2x

26 2x°—3y' =2/ —=4x—-6yy'=0=>y'="="

X' =3y a2 -owy y £y 3y

x=5=2x5-3)"=2=48=3y’ =y’ =16 y=+/16 =44
When x = 5 we have two values of y; therefore, there are two points and hence two gradients.

Z x5 5 Z><5_5

'5,—4 e == '5[4 = ==
64 3x(-A2) 6 y G4 3xA2 6
27 y=arccos(1—2x2):>y'=_—12><(—4x)= 4x2 -
J1-(1-2¢) J1 = (7 - 4% +4x)
_—2,—1<x<0
A N=x? _ 2xsign(x)
N7 | 2 ey T
1-x

Note: We had to restrict the domain of the derivative because of the expression in the denominator.

Z

28 f(x)=x"Inx=f"'(x)=2xInx+x X%zx(Zlnx+1),x>O

1 1
29 f(x):Esin2x+cosxzf'(x):ycoﬂxe—sinx:1—2sin2x—sinx:(1—2sinx)(1+sinx)

1
f'(x)=0=(1-2sinx)(1+sinx)=0 = sinx = —orsinx = —1

30 3x2+4y2=7 di:>6x+8yy':o=>y|: 15/336__37"
x

By 4y
x=1=3xV"+4y’=7=4y’=4=y’ =1= y =1 because y > 0.
3x1 3
) L i)
) 4 %1 4

2
2x —1

31a f(x)=InCx-1)="1"(x)
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Solution Paper 1 type

1£V1+16 _ 1£417

2
b f'(x)=x=>ﬁ=x=>2=2xz—x:0=2x2—x—2=>x1,2=
x—

4 4
We need to check whether both solutions are in the domain of the function f. We notice that the domain is:
1 . _ 1417 o
D(f)=x {x e R|lx > E} ; therefore, there is only one solution: x = R 1.28 (correct to three significant

figures).

Solution Paper 2 type

b We can draw the derivative function on a calculator without finding the formula for it. To obtain a clearer diagram, we
deselect the original function so that we can find the point of intersection easier with the identity function.

Flokl Flokz Flotz
“islpc2h-12
g?zﬁnﬂer1ui?1:H:

Mz EE

~My=

whE= Inkterseckion

“ME= W=1.2807767 IV=1.2807 767

Solution Paper 1 type

32 f(x)=xe" = '(x)=2xe* +x’e* = f"(x)=2e" +2xe* +2xe* + x’e* =& (2 + 4x + xz)

Sincee* >0:f"(x)=0= x’ +4x+2=0= x,, = -2 £/4 — 2 = -2 = /2. The condition of the question is that the
x-coordinate of the point of inflexion is between —2 and 0; therefore, there is only one solution: x = —2 + /2 = —0.586.

Solution Paper 2 type

32 Asin the previous question, we can draw the graph of the second derivative and then simply find the zero that is
between -2 and 0.

Flatl Flokz Flat:
s =HIe 0D
sMe=nler 1wy .

2
Nz BnDerivitz. 5,
Ha

why= Zern |
=Ne= W=-EBEFEFE V=0

1
33 Since the normal has a slope of —2, we need to find a point with a gradient of 3
1 1
T+(x=1" 2-2x+x

y=arctan(x —1) = y'=

1
y'(x)=5:>2—2x+x2=2:>x2—2x=0:>x(x—2)=0:>x=2giventheconditionx>0.
x=2=y= arctan(1)=fzr=>§=—2x2+c = c=§+4 = 4.79 (correct to three significant figures)

T+sin x

3a f(x)=e™™ = f'(x)=e""™ x cos(mx)x = mcos(mx)e



b Since x =0, we need to find the x-coordinates of the points where f'(x) = 0:

1
cos(frx):O:>7rx:§+mr=>x:§+n,neN

3 5 2n+1
5 == By S = o By =

1
2’7 27T )

352 f(x)=x J(x’-1), -14<x<14

In this instance, we need to set up the window on the calculator properly and simply copy it onto graphic paper.

[ |2}

Xy = ,neN

Zeros

| X
15 —y 05 1 15
.

b i f(x)zx 3l(xz_1)2 =>f'(x)= 3(x2—])2 +x><§(x2—1)_%x2x:3x2_3+4x2 _ 7x% =3

3Yx? -1 N
D(f)={xeRl-14<x <14}

2
_ +/
ii f'(x)=0=>—7x ] =O=>7x2—3=0=>x1’2=_4/;=_ 2!

3x? -1 7

. 3 : : 3
Therefore, the minimum occurs for x = —\g, whilst the maximum occurs for x = \E

c For ease of calculation of the second derivative, we will rewrite the first derivative as a product.
] -l 1 =1 1 =&
F =17 -3 (- :>f"(x)=§|:14x(x2 _i) 3+(7x2—3)><(—§)(x2 iy xzx]

3_
_ %(xz A [2 (¢ — 1) (727 - ) x 5] = 2 [20° — 2~ 720 + 3¢] = 4(7x = 9%)

9(x? —1)3 9x2—1%
N (x"=1) (x"=1)
7

f'(x)=0=7x-9x=0=x= ~1.1339, since x > 0.

36 Given that the line y = 16x — 9 is tangent at (1, 7), we can conclude that y '(1) = 16. The given point on the curve gives us
the second equation.

y=2x"+ax’ +bx-9= y'=6x"+2ax+b
y'(N=6+2a+b=16=2a+b=10

y()=2+a+b—-9=7= a+b=14,s0we have a pair of simultaneous equations to solve.

2a+b=10 b=10-2a b=10-2a b=18
= = =
a+b=14 a+10-2a=14 —-4=q a=-4

d
37 a y=tanx—85inx:>d—y=seczx—8cosx
X
1-8cos’ x

1 1
b sec’x—-8cosx=0= 20:1—8cos3x:O:cos3x:§:cosx:—

cos’ x
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38a y=x"+4x"+x-6=y'=3x"+8x+1= y'(-)=3-8+1=—4
x=-1=y=-14+4-1-6=—4;equation of tangent: y = —4(x+1)— 4 = y = —4x -8

b To find where the tangent meets the curve again, we need to solve a pair of simultaneous equations. We will use the
substitution method.

y=x"+4x"+x-6 4x—8=x"+4x"+x—6 X +4x° +5x+2=0
= =
y=-4x-38

(x3+4x2+4x)+(x+2)20 :{x(x+2)2+(x+2)=0 . (x+2)(x2+2x+1):o

=
y=—4x-8 y=—4x-8 y=—4x-8
(x+2)(x+1° =0 - x=-2orx=-1
y=—4x—-8 y=—4x(-2)-8=00ry=-4
So, the second point is (=2, 0).
39 y =sin(kx)—kx cos(kx)= y'= WWH{" sin(kx) x k = k’x sin(kx)
40 xy’ +2x’y =3 di:>f+x><3y2y'+4xy+2x2Xy'zO:>y'(3xy2+2x2)=—(y3+4xy)
X
3
. y +4xy . 1+4 .
=y =—=——"* y'(11)=———=—-1=Equationof tangent: y ==1(x - N+1= y=—x+2
y 3xy2+2x2y() o q gent: y = —=1(x —1) y=-x
2x =) (x* +x+1)—(x"—x+1)(2x +1
P f(x)_ x+1:>f,(x)=(x )(x* +x )(xzx )(2x +1)
T+l (x’ +x+1)
_%(+x2%(—172f5+x2%(\—1_ 2x° =2 2(x2—1)
(x2+x+1)2 (x2+x+1)2 (x2+x+1)2
ii If the tangents are parallel to the x-axis, then the gradient is zero.
T+14+1 =5Ri
0=x"-1=0= 1, =—l=y= =3 x=1=y= =
Filx)= * 2= 1 * YEi o Y13
So, the points are: A(=1,3)and B( g)
b 2
1
-4 —2 \ 2 4 i

On the graph of the first derivative, the stationary points are points where the second derivative is zero, that is, the
points of inflexion. A calculator gives us the following:
x =-1530rx=-0347 orx =1.88

¢ i We notice that the denominator is never equal to zero, and therefore the domain of the function is the whole set

of real numbers. Also, the function has a horizontal asymptote.
. 1+ 1
—x+l+x* T T2
lim £ (x)= lim 2—/2= lim %=1
x—>too x—>too - x—>too
- % x+x+1/.x = 14—+ —
X X




Since the minimum point is below the asymptote and the maximum point is above the asymptote of this continuous
1
function, we can say that the range is [§ , 3] .
(xz—x+1)2 X —x+]
- +1

. 2 _ +1 2 2
i (fOf)(x)zf(xz X _\x +x+1 : x +x+1
X +xtd (xz—x+1) X —x+1
+ +1

x>+ x+1 X+ x+1
(xz—x+1)2—(xz—x+1)(x2+x+1)+(xz+x+1)2

X +xTF 1)2

(xz—x+1)2+(x2—x+1)(x2+x+1)+(x2+x+1)2
M
=WW+;¥M+%+(%H)ZW+% (2 +1) +3¢°

(x2+1)2w%<+(x2+1)2¥+(x2+1)2W+x2 3(x? +1) + 42

We again notice that the domain is the whole set of real numbers and, since the polynomials in the numerator

and denominator are both quartic and the leading coefficients are 1 and 3 respectively, the horizontal asymptote
has the equation y = 3

We can input the composite function into a GDC and find the minimum and maximum point. Notice that,
using the GDC, we did not have to find the formula for the composite function; we merely had to define the
composition in the graphical mode.

Flatl Flokz Flots WMIHDOOL
WMMy=(RE—E+1 A 0EE Hmin= -G
Th0 v Gnysy
o ad = N scl=
whe= Ymin=g ___-#"ﬁ
wMy= Ymax=1
~MNe= Yecl=.1 Haximum
wMWE= “res=1 W=l . . LYW= ETEYELEY .
YrFrac
Fo13

1 7
So, the range of the composite function is [— , E] .

av ,_dr _dr _dv 1 _dv __d 1

4 av 1
42 —=8Cm35,\/=—7rr3:>_= /’n"___x_z_x_:_rzzz ><8=—Cm5
a / S ar deav - dt AV de dr( ) 4x2°m o /
dr
2.7 2
43 x3y2:8/i=>3x2y2+x3xzyy':oz;,y':_3x3)’ :_3?63}/:
dx 2x/ oh
3x X x1 3 1 4 4 4 5
'2)=——~+——=-=m,=————=—=FEquationofnormal: y=—(x - 2)+ 1= y=—x——

44 a \We need to rewrite the expression in product form for ease of calculation of the first and second derivative.
2

2
i f(x):;c—x=x2><2*x:>fy(x)=2x><27x+x2><27x|n2><(_1)=2x x“In2

2x
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2—4xIn2+x°In*2

i F(x)=(2x-x"IN2)x27" = f"(x)=(2-2xIN2)x 27" +(2x =’ In2) x 2" In2x (1) = =

2x —x°In2 2
XX 0o x(2-xIn2)=0>x= =
2° In2

We discard the second solution because of the domain of the function, x > 0.

242 Y2+ izlzz
. f.,(i)_ in2) " “T\in2) "7 _2-8+4_ =2

< 0; therefore, we have a maximum value of the
in2 e ES

In2
function f. We could have tested the nature of the stationary point by using the sign of the first derivative. We
notice that the denominator is always positive and that the numerator is a quadratic function with a negative

bi f(x)=0=

quadratic coefficient; therefore, at x = Pt it changes its sign from positive to negative, which yields the
n
maximum value.

2 2
¢ F'x)=0=2 4"'”;” N 2 0= 2-4xin2+ I 2=0=

Caln2+\16I7 2 4xIn’2x2 _ 4In2£V8In 2 4In2£2in2v2 _ 2In2(2£V2)
2In" 2 2In* 2 2In’ 2 2In" 2

22 2-\2 2+\2
2

= 5= =08450rx =
In2 In

1,2

=~ 493

45a f(tf)=3sec’t+5t=f'(t)=3x2sectxsectXtant+5=6sec’ ttant+5
b i f(r)=3sec’ x+57=3+5x i f'(m)=6seC’ msinc+5=5

46a 2xy'=xy+3x=1=2y"=y+3=22y"-y-3=0=2y-3)(y+)=0=

% ory = -1 because y < 0.

b 2xy'=x"y+3 diz>2y2+2x><2yy'=2xy+x2y':>y'(4xy—x2)=2xy—2yz:>
x

L 2y(x—y) o o 2x(=1)(1+1) A
prT7e I AUt Ak vy vy v S

47 a y=e"sin(nx) = (Cj/_y = e x 3x sin(mx) + e cos (mx) x = e (3 sin(mx) + 7 cos (mx))
X

>0

dy (o : T
b e 0= e (3sin(mx) + mcos (mx)) = 0 = 3sin(zx) + 7w cos (7x) = 0 = tan(7mx) = -3
x

7rx=arctan(—§)+kﬂ,keZ/+ﬂ:>x=iarctan(—§)+k,keZ
T

Given the condition, for the smallest positive value of x, we take k=1: x = l arctan (— g) +1=0.743
T

48 d—ezlrad/s,tan Ozwﬁx:mOOcot G,d—x:—_%OOOcchG
dat 60 % fel’)
dx dx d& d = Y 1000 200
—xz—xx—=>—x(ezE)=—3000csc2(f)x—=—3e©6x—x—=——=——
de de” dt = dt 3 3)" 60 2 BQs 15 3

So, the speed is %m/s = 240 km/hr.
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49a f(x)=ab+e) =f' (x)=ax(-N(b+e*) xe ™ x(~c)=ace™ (b+e*) =

f"(x)=ac [e"" x(—c)(b+ e’“‘)_2 +e ™ x(-2)(b+ e’“‘)_3 X e~ x (—c)]

_ —ac’e™ (b+ e —26) = —ac’e™ (b—e™) _ace™ (e -b)
(b i e"")3 (b+ "") (b+ e"")3
#0
——
2 _—cx —Cx
b f"(x)=0=>w:02>e'“—b:O:>e‘“‘ :t>:>—cx:|nb:>x:—M
(b+e )
Forx——m: —L—i'so the ointis(—ln—b i)
o y_b+e—cx(—¥)_2b' e c ')

c Thisis a point of inflexion because the second derivative changes its sign at that point. We notice that to the left of
zero the expression is positive, whilst to the right the expression is negative.

50a 2x’y+3y’=16:x=1=2y+3y°=16=3y"+2y—-16=0=(3y+8)(y-2)=0

= }{ ory =2 = p = 2,since the condition is p > 0.

b 2x’y+3y° =16/di:>4xy+2x2y'+6yy'=0:>y'(2x2+6y)=—4xy=>
x

2X1X2 4
S () [ ptall Lot

1, ,4/2xy B 2xy
YT W rsy) T ©ady P+3x2 7

51 f(x)=3"=f'(x)=3"In3=f"(x)=3"In3xIn3=3In"3

f"(x)=2:>3xmz3=2:>3x=|f3 In= xIn3=
n
:|r12—2lr1(|r13):|r12—2|n(|n3):0‘460
In3 In3
52Let<):CAB:oz:::tanoc:ﬁ:>(x:arctar{ﬁ):;%:L2
5 dh  25+h
@—2cm/s and when the triangle is equilateral: h = 5f:> (5[) - L
dt 25+75 20
do._ de dh:%(h=5\/§) d(x ah l><2=irad/s
dt dh " dr  dr dh dt 20 10
dy __2 d’y —4
53 y=In(2 === = E— —
/ (2x-1) dx  2x—1 dx* (2x-1)
42
54 x’+y’—9xy=0 di=>3x2+3y2y'—9y—9xy'=0=>Xy'(y2—3x)=z(3y—x2)=>y'=3)2/ ;C
x y —3x
2_
my =— .] __Z 3><f=—E=—£=>Equationofnorma|:y:—é(x—2)+4:>y=—£x+E
y'(2,4)  3x4-2 8 4 4 477 2

55 a f'(x):Zsin(Sx—g):f"(x):2cos(5x—§)><5=10cos(5x—§)

b This part cannot be solved using the topics that we have covered so far. We need to use a method of integration:

f(x)=J25in 5x— 2 |dx =2x _l cos|5x = Z +c:—zcos 5x—Z)4c
2 5 2 5 2

b4 2 S5t & 2 7
fl=|=1=-=cos| ——=|+c=1=2—-—=4+c=1=>c=—
2 2 5 5




Chapter 15

2
56 3x’y+2xy’ =2 i=>6xy+3xzy'+2y2+2x><2yy'=0=>y'(3x2+4xy)=—(6xy+2y2)=>y'=—2y2ﬂ
dx 3x° +4xy

O S 3xP+4x1x(=2) _-5_5
Yoy, -2) 2x(=2Y +6x1x(=2) -4 4

5490 Sx'Xx—(x"+2)x1  4x° =2
57 f(x)=x+ xz20=1'(x)= r X (Zx ) = x2 =(4x° = 2)x~
x x x
5 _8x° 4(3x° +1
f"(x)=20x4><x72+(4x5—2)><(—2)x73:20x ij +4: (x3 )
x x
1
4(3x° +1 1 -zt2 53
Pointofinﬂexion:f"(x)=02>¥=02>3x5+1=O:>x=—§g,y= 31 ==
x
— 3fl—
] B

Thus, the coordinates are: | — —, =~ (—0.803,—-2.08).
( B3 ) ( )

58 a n(t)=650e"
Since the number of bacteria double every 20 minutes, there are 1300 bacteria after 20 minutes.

n(20) = 6506 = 1300 = e”* =2:>20k=|n2:>k=|;—02

In2 In2 In2

2 "2 n2 In2 2

b n(t)=650e0 =0 = g50e 0" x N2 5IN2 5
dt 20 2
65 "0 65In2x 1672

%(T=9O)=?X(|ﬂ2)€2° = 5203/2In2 = 510 bacteria/min

59 f(x)=ax’+bx’ +cx+d=f'(x)=3ax’ +2bx+c=f"(x)=6ax +2b

Now, we are going to use the conditions:
f(0)=2=d=2'(0)=—3=c=-3(N)=f'()=>a+b-3+2=3a+2b-3,f"(-)=6=—-6a+2b=6
So, we have to solve the simultaneous equations in a and b.

{2a+b:2 J_
M:a:—l,b:2+222;so,thepolynomialis:f(x)=—lx3+2x2—3x+2.
5a=-1 5 5 5 5 5
60 f(x)=cos’(4x+1),0sx=<1
a f'(x)=3cos” (4x +T)x(=sin(4x +1))x 4 =—12cos’ (4x + 1) sin(4x + 1)

b '(x)=0=—-12cos’ (4x+1)sin(4x+1)=0= cos(4x+T)=0orsin(4x+1)=0

-2 k
cos(4x+1)=0=>4x+1=§+/<7t=>x=7r—+77r
=2 3w—2
We notice that two values of x satisfy the domain of the function:k =0 = x = il andk=1= x = 2=
—1+k
Sin(4x+1)=0= dx+1=kn = x = — L
=1
Only one value of x satisfies the domain of the function: k = 1= x = ﬂT
61 3 =x’+3y di:sx”|n3><(1+y')=3x2+3y':>y'(3"”|n3—3)=3x2—3W|n3:>
X
2 x+y| 2 x+y—1|
y|:(3X+y|ﬂ3—3):3x+ 3 ﬂ3:x +i n3
3*7In3-3 3 N3 -1
1
62 f(x)=|n(3x+1),x>—§
3
a f'(x)=
(x) 3x +1
b x=2=y=In7m ——L——Z:E uation of normal: ——Z(x—2)+|n7:> ——Zx+E+|n7
A =73 Y=T3ETT



: d :
63 y=xarcsinx, x e |-11[= é = arcsin x +

il
2

R arcsinx+x(1—x2)
V1= x?

dzy_ ] 1 2(1—x2)+x2: 2-x°
(-¥): (1-x)

X M+sz+x(_ %)(1_x2)-%x(_zx):
Y

64 ¢” —y'lnx=e %:e”(ﬂxy')—wy'lnx—yz><;=0=>y€"y—7=y'(2y|ﬂx—x€’”)=>

Xy 42 _ _
y':Lyxzy'(]']):e_‘lzl
x(2yInx —xe?) —e e
2
65 f(x)= 2x x=bbeR
x°+6
2(x*+6)—2xx2 2 — 4x? —2x?
a f(x)= (£ +6)-2xx2x 24" +12-4x’ _12-2x

(x2 I 6)2 (x2 I 6)2 (x2 I 6)2
b This function needs to be restricted to the interval where every value occurs only once, that is, from the maximum
point until the horizontal asymptote, which is the x-axis.

12-2x°
flx)=0>——"—2 =0=12-24=0=>x=6
(x2 4 6)
We can justify that for x = v/6 the function has a maximum since the sign of the first derivative changes from positive
to negative.
2 2 d | : : . 2x+y
66 x' +xy+y =3/ —=2x+y+xy+2yy' =0=y' (x+2y)=—(2x+y)=> y' =——=
dx x+2y
2x(=N+k 22—k
a (-1, k)=—- =
Y= T T
b If the tangent is parallel to the x-axis, then the slope is equal to zero; therefore:
2—k

(-1K)=0=> " =0=2-k=0=k=2
y(lh=0=-—=0= =

67 x’y’ =cos (7ry)/di =3x’y +x°2py' = —sin(zy)x x y' = y'(2°y + msin(ny)) = 3x"y’ =
x

__ =3 _3
2+ mwsin(m) 2
—

0

y'= =y'(-1)=

2%y + wsin(y)

68

a AQ =4+x' =T =T, +T, =55 xV4+x? +5x(2-x)=5/5V4 + x? +10 — 5x minutes
T

d—:sﬁ Jx _5o 545 x
dx NI Ja+x

-5
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i &g 55 x —5=O:>(5\@x=5\/4+x2)/+5:>5x2=4+x2:>4x2=4:>x=1
dx Ny

We have only one solution since the distance must be positive.
i x=1=T=5/5V4+1+10-5= 30 minutes
iii In the case of a complicated rational expression, it is simpler to use the product rule.

£=5J§x(4+x2)’%—5:> i =5\/§(4+x2);+5\/§x><(—i)(4+x2);><1x
dx dx’ 7

=3B (ape )= 2

(4+x°) (4+x°)

d’T ()= 20@3 2075

- = —— = 4 > 0; therefore, the time found is a minimum.
dx (4 + ])5 S\E

69 f(x)=xe” =17 (x)=(2"x +nx2"")e*, neZ"

1
a f'(x)=0Cx+Ne*=0=22x+1=0=>x=——
> 2

1
F'(x)=(4x +4)e™ =" (— %) = (4 X (— %)+ 4) ¢ ( 2) = 2e”' > 0; therefore, it is a minimum.

b '(x)=(4x+4)e*=0=24x+4=0=>x=-1
>0
¢ Since the sign of the second derivative depends on the expression 4x + 4:

i We can see that the function is concave up when: f"(x) > 0 = x > —1.
ii The function is concave down when: f"(x) <0 = x < —1.
d To be able to clearly sketch y = f (x), we need to find the y-coordinates of points P and Q.

f(—%) = —%xe” =-0.184,f (=)= -1x e~ = —0.135

2571y
Horizontal
asymptote:
y=0
y-intercept:
0, 0)

e Basisstep: n=1=1"(x)=(2x+1)e™
Alternatively, we can differentiate the function and check the result:
f(x)=xe” =f'(x)=e” +xe™ x2=e" (1+ 2x)
We can conclude that the formula works for n = 1.
Inductive step: We assume that the formula works for n = k = f (x) = (2x + k x 2") &
We need to see whether the formula works for:
n=k+1= 4 (x)= (Y (x)) = ((2x + kx 27") &) = 2 e + (2'x + kx 27) ™ x 2

= e (2" + 2" x +kx 2) = e (27x + (14 k) x 2) = € (2 x + (k + 1) x 26°1)




70

71

This is the formula forn = k + 1.

The formula works for n = 1and, from the assumption that it works for n = k, we determined that it works for
n =k +1.Therefore, by the principle of mathematical induction, we conclude that it works forall n € Z*.

—12 12

Water depth

In order to find the width, we need to find the intersection between the curve and the horizontal line y = -6, since the
water depth is 10 m.

TX X 13 TX 8 36 8
16sec(—)—32 =—6= sec(—): — = cos(—) =— = x= —arccos(—)
36 36 8 36 13 T 13

The width is twice as long, so: w = 72 arccos (%) .
/4

In cases such as this, if we have enough time, it is advisable to check the answer by using a GDC.

JESMHECOsS 1 E-130 Flekl Flokz Flokz h f
18, 48462551 | |~Y1Ble-cosCme -
IeI-32 1& f
=NzB-6E
=M=
=My=
i E = Inkakseckinn
“NE= dziiboqize lv=-5

By looking at the graph of the function, we can conclude that the function is a cubic polynomial; therefore, its first
derivative will be a quadratic polynomial with zeros at the x-coordinates of the stationary points and the minimum at the
x-coordinate of the point of inflexion. The reason for stating the minimum point of the first derivative is the positive cubic
coefficient of the original function. The second derivative will be a straight line with a positive slope and the zero at the
x-coordinate of the point of inflexion.

a) b)
y
y=f'(x)

y=fx)

y=f(x)
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Practice questions

1

2

a We know that the parameter p is directly related to the amplitude; therefore, we can find that p = 3.

b J?Bcosxdx =[3sinx]2 = BSin(g)—BsinO =3
Note: Even though you might not know how to find the parameter in part a, it is always advisable to proceed with part b
and attempt to write the definite integral.

X 0

a y=e?= y(0)=e? =1, therefore, point P has the coordinates (0, 1).

= 2
b V= ﬂ'f:z(ez) dx = ﬂj; 2e" dx

¢ nf edx=ale] =n(e"-¢)=22-)=xn

Solution Paper 1 type

3

Laldx=2=>[|n|x|]f=2:Ina—|n1=2=>|na=2=>a=e2
X

Solution Paper 2 type

3

adala= JOED

AoSEIE9, 2. 718281828
199, =

=H 2. 7lazalaza

Flatl Flokz Flokz ERUARATION SOLVER | IF
=Bl edni B=fnlnt oY . H| (e
=Nz= ala -2

wMa= =
“My=
=Ne=
NE=
wMNe=

Notice that we changed variable a into variable x, and that Solver accepts all of the features from the calculator’s menu
with only one variable parameter to be represented as a function in that variable. We could have used the graphical
mode, but, since there is no more than one solution, we were satisfied using Solver. At the end, we can check whether
the numerical result is a special value which we could have recognized.

4 a y=hx=>y'= % At the point (e, 1) the slope of the tangentis: m = y '(e) = % .The tangent can be found by using

the formula for the tangent: y = f ' (x,) (x — x,) + ¥, , where (x,, y,) is a particular point on the graph of the function.
y=£(x—e)+1:>y=£x¥l¥{:>y=éx
Since the linear function has no y-intercept, it means that it passes through the origin. If we input the coordinates
of the origin into the equation, we get a true statement: 0 = ! x0=0=0.

b For the first term, we need to apply the product rule. ‘
(xlnx—x)':lnx+;(><i—1=|nx+1—1=|nx

¢ The shaded region can be split into two. The first region is a triangle bounded by the tangent line,

x-axis and the vertical line x = 1. Since that is a right-angled triangle, the area is calculated as: A, .. = =
e

In order to find the area of the second region, we need to evaluate the following integral:
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e(1 1 & (1 e = 17~ 1 1
j(—x—lnx)dx= —xx——(xlnx—x) =|—xE—elnete|-|-x=—1ni+1|=2e-—-1
1\e e 2 | /_’/ 2 e 2 2 2e

1 1 1

1
Now, the total area is the sum of those two areas; therefore, A = b= + 2 e— Fr = P e—1.
e e

Solution Paper 1 type

5

i s(t)=800+100t — 4t> = 5(5)=800+100x 5—4 x5 =1200 m

i v(it)=s'(t)=>v()=100-8t =v(5)=100—8x5=60ms""

i v(t)=36=100-8=36=64=8t=1t=38s

iv s(8)=800+100x8—4x8 =1344m

Firstly, we need to find the time at which the plane stops after touchdown:
v(t)=0=>100—8r=0=>t=%=12.55

Now, we need to find the distance the plane will travel after touchdown:

5(22—5)—5(O)=ﬁ@ﬁ+}@650x2—;—%x(§)278@6=1250—625=625m

Using part a iv, the remaining runway length is 2000 — 1344 = 656 m; therefore, there is enough runway to stop the
plane if it makes a touchdown before point P.

Solution Paper 2 type

5

6

Flotl Flokz Flobs iandii [\ {50
~M1BEEE+ 10 -d 5 . 1268
nberiwcyy .=, 52
wNe= (=]
wMar=
~y=
wMe=
~ME=
iiandiv [zg]lvednberiviy - b zoluvelnDeriviyy,
HBam =36 ¥, 18D a Ha W Ha 1
Y1 CARS) Vi (ARSI =Y CEh
1344
ZEEE-Y1 (82
&35
To draw the function, we input the function 34y
into the calculator and then use Table to
plot the points (or, alternatively, use the trace
feature). 27
e
BEEY 17 BEf] 1 2 3
11
-2+




b [Pkt Fletz Plots
WAECHS iR CEI—E S
CEmE-Zr and (REZ

a2

~Ne=
nNa=
iy = 2ero

wMe= neg ELEFEYL YD
Note: Parts a and b cannot be solved without using a calculator.

2
. X
c J.(nsmx—x)dx=—ncosx—?+c,ceR

! ) x* 1 1 ——
Area:JO(ﬂ5|nx—x)dx: ~meosx——| = —ﬂCOS]—E —|-mcos0-0

0

= (1— cos 1) — = = 0.944, correct to three significant figures.

Otherwise: K h—\

.I'FIZ:-::I-:I:-: A4y41Bz9

7 Method I: From the direction of the x-axis

4
We split the shaded region into two: R;, the rectangle enclosed by thelines x =0, y = E

=landy =2

and R,, the region enclosed by x=1y= %andy =1+ ; The area of the first region is:

A= (2 - 5) x(1-0) = § .To find the area of the second reg]ion, we need to do two things: firstly, we have to find the
point of intersection of the line y = 5 and thecurve y =1+ p By inspection, we see that the point of intersection

4 4
is ( 3) Now, to be able to use the definite integral, we need to translate the graph vertlcally < units down.

3 1 4 i
A2=L (1+;—§)dx='[1 (;—E)dxz[\nbd—gxl
1 2 2
=(n3=7—=|InT==|=IN3-== A=A +A == +|n3——=|n3
3 3 3 3

Method II: From the direction of the y-axis

We need to express x in terms of y and calculate the integral with respect to the y-variable.
1 1 1

y=l+—=—=y-1=sx=—-
x x y=1

A= j —dy= j (y—1):[|n|y—1|]2%:|n1—|n%=0—(—|n3):|n3

8 a iandii Todraw the functlon, we input T
the function into the calculator and then
use Table to plot the points (or,
alternatively, use the trace feature). (1.1,0.55)

0. 0) (1.57, 0)

Vany

~05 T

T @
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b1
b xzcosx:O,x>Ozcosx:O:x:5

T

¢ i Seethediagramin parta. i IZ x’ cos x dx
5 b ’

d _[02 x° cosxdxz[x2 sinx+2xcosx—25inx]§

0
2

- (gysm(z)+2(§);;f§j—2sm(§)-—@2ﬂn@)+2x0xcoﬂ0)—2ﬂnm»==%f—2=:0467

2

Or:

Flatl Flokz Flot:
=NMyBEReCcos (I (RE
B and CHAE200
wMe=
wWa=
wNy=
=Ne=
“MNE= TFCIdx=HEFY011

9 a f(x+2m)=sin’(x+2m)cos(x+2m) = sin’ (x) cos (x) = f(x), so the fundamental period of fis 27 .

b -
f1(x):(sin(x))2~cos(x) C
02
157 0.5 \/\/ 6.28
» Yy
By looking at the graph, we estimate that the range would be [—0.4, 0.4].
c i f'(x)=(2sinxcosx)cosx+sin’ x(—sinx)=2sinxcos’ x—sin’ x. We can also continue to express the whole

derivative in terms of sine only:
2sinx cos” x —sin® x = 2sinx (1 sin’ x) — sin® x = 2 sinx — 3sin’ x

ii In this problem, we use the first form of the derivative:
f'(x)=0=2sinxcos” x —sin’ x = 0 = sinx (2 cos’ x — sin” x) = 0
Since the value of sine cannot be equal to 0 at A, we can conclude that:
2coszx—5in2x:O:>2coszx—(]—coszx):O:>3coszx—1:O:>cosx:\E

: 1 12 23

i f(x,,)=sin"(x,,)cos(x,,)= (1—§)>< \/; =35 5

d f(x)=0=sinx=00rcosx=0=x=0,x= norx=§,sothex—coordinateofpointBis g

sin® x

e i Jsinz (x)cos(x)dx = f(sin x)'d(sinx) = +cceR

z sin3(ﬂ)
x 3.5 = L3
i jOZf(x)dx=[5'” x}z 2/ sn0_1

3 T3 3 3

0

f '(x)=0=9cos’ x—7cosx=0=cosx (9 cos’ x — 7) = 0. Since the x-coordinate of Cis less than = ,the
second factor must be equal to 0. 2

7 7 7
9cos2x—7:O:coszx:§zcosngzx:arccos(€):0.491




10 a

b

C

11 a

5 6
x=n=>n+nrncosn=n—mw=0
Flokl Flokz Floks WYi=H
IR CHHECos CED S| mHEF. 6FET 2225
CoREAY and CREDY|| bound=<L-1eg99.1..
2 = ]left-rt=A
wMe=
wMWr=
mhy=
~Ne=

In this problem, if we use Solver, we need to use an estimated value that is further to the right of , which we found

as the first zero. Our estimate was 4. So, the answer is 3.696 72.

See the diagram above.

frlntoh

Area = J.O”(n' + x COS Xx)dx . ! égé%&ﬁ%i

Area=Joﬂ(n+xcosx)dx=[7rx+xsmx+cosx]g =(7r2+0—1)—(0+0+1)

=7 —2=786904401.0r by using a GDC, we get:

So, the answer, correct to six significant figures, is 7.869 60.

i p=g(x)—f(x)=(00x+2)—(1+€")=10x+1-€>
In5

ii p'=10-2"=0=2"=10=¢" :5:2x:|n5:x:%:0‘805(35‘1“)

i x=1+e”:>e2y=x—1=>2y=|n(x—1)=>y=%|n(x—1)=|n\/x—1
i M (x)=InJx—1=1"(5)=InV5-1=1In2

In2
V= n'.[or (1+e*) dx
Bonus: Evaluate the integral in part c: -
_ 2 2x\2 _ 2 2x 4x _ 2x e4x
V_n_[o (1+e )c/x—ﬂ_[O (1+2e™ +e )dx—n[x+e + 4]

0

4In2 0
al(mae e+ € (o &)= afinasas 284 1 =n0n2+zz):234
4 4 A 4 4

fralntcol+e™ 0200
EakaBalniZ22asn
23. 3833365
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12 Itis not possible to solve this question with a GDC.

V= 7r.|.: ((ax +2) - (x2 + 2)2) dx = ”J: (azx2 +4ax+4—x" —4x% — 4) dx

2 _ 3 5\’ 5 4.3 5 s 3
=ﬂja((a2—4)x2+4ax—x4)dx=7r (0—4)x+20x2—x— =n(a 4a +2a3_a_)=n[2i+2i)
0 3 5 s 3 5 15 3

u=lx+1=>x=2u—2 3 ]
1 2 2]
13 jx./§x+1dx= =j(2u—2)ﬁx2du=4j[u2—uZ)du
d

u=%dx:dx=2du

5 3 2 £l
=4 zuz—gu2 +C=§(lx+1)2—§(lx+1)2+C,Ce]R
5 3 5\2 3\2

dv _ds dv 325—1)—2(3s+2) 3s+2 —7(3s5+2)
=—X—=—XV=>d= X =

14 g=—Xx—= 3 = 3
ds dt ds (2s=1) 25—=1  (25=1)
5:2:)0:@:-&
(4-1) 27
k 2 k ] i H(GZk—])
15 szrj (e") dxznj ez"dxzfrx(—ez")] ==
0 0 P . 2

Solution Paper 1 type

k 2 _
16 jk 1+ Yax =[x =/<—1/T;|4=k ]=é=>sz—3k—2=0=>(2k+1)(k—2)=0
1 5 x /] k k 2

%ork=2,sincek>1.
Solution Paper 2 type

16 We will use Solver on a GDC. We could have easily used the graphing menu too, in a very similar manner.

EGUATION SOLMVER | [frIntdl+l-~H. . .=@
iyl B=frIntdl+1..|| ®=1

HEaWala K2-3-2 m =2
bound=1 -1
s ]left—rt=0

(=1 P

Note: The value of x, shown in the final screen, is not relevant and it can be any value.

1
17 We can deduce that a(t) = — ol t+2,v(0) = 0. So, we can now proceed with finding the distance travelled by the train.
1 1,
v(t)=[{-=st+2)dt=-—r+2a+cceR
20 40
v(O)=O=>C=O=>v(t)=—%t2+2t

60 1 3 t3 3 *
d= . —4—[ +2t|=|—-—+¢ = —1800 4+ 3600 = 1800 m




18 Firstly, we need to find the zeros of the parabola.
y=a-x’=y=(a-x)(a+x)=>x,=-a,x,=a
The area of the rectangle is A, = 2ah, where h is the height of the rectangle.
The area under the parabola is calculated by the following integral.

3\° 3 3
Ap:_[i (az—xz)dx:(azx—%ﬂ :(03—%]—(—a3+%):%a3

Since the two areas must be equal, we can find the height of the rectangle:
4 2
2ah=—a’ = h==a
3 3 5
So, the dimensions of the rectangle are: 2a x B a’.
19a f(x)=xInx—kx,x>0=f"(x)=Inx+1-k,x>0
b If the function is increasing, the first derivative is positive; therefore:
Inx+1-k>0=Inx>k—1=> x>, x e |&" 4o
The question asks us to find the interval over which f(x) is increasing; therefore, the value of kis 0 and the interval is:
1 ]1 [
x>e'=—,x€ |-, 4o .
e e
c i f'(x)=lnx+1-k=0=Inx=k-1=x=¢""
i f(x)=xnx—kx=0=x(nx—-k)=0=x=0o0rlnx—k=0
So, the other x-interceptis: INnx —k =0 =Inx =k = x = €
d Since the curve is below the x-axis, we need to take the absolute value of the integral.
f: (xInx —kx)dx
To solve the first part of the integral, we need to use integration by parts.

1
u=In du=—d
* _— x’ P x’ 1 x’ x’
.[xlnxdxz =—|nx—J- —X— dxz—lnx——_[xdxz—lnx——+c
x 2 2 A 2 2 2 4

2
dv=xdx v=—
2

k 2 2 2\ 2k 2k
[T hnx—kx)dx=| x-S -k || =S-(2Inef -1-26)= - =
0 2 4 2 4 4

0
2k

So, the area enclosed by the curve and the x-axis is: 7

e A(e,0), m:fk'(ek)zIﬂkfc;k+1—k=1:>Equationoftangent:y=1><(x—ek)+0:>y=x—ek

f The y-intercept is —€*, so the area of the triangle enclosed by the tangent and the coordinate axes is:
A= % e x (—e) = % =2 %Zk, which is twice the area enclosed by the curve.

g k=l=x=ek=2=x=¢k=3=2x=¢k=4=x=¢".
To verify the statement, we are going to take two consecutive x-intercepts, for kand k + 1:

k+1
e

Dkl — —— = e.Theratio is constant and therefore the zeros form a geometric sequence.

X
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20 P oqyypn Y
d y

=dx:>ji2='|‘dx:>arctany=x+c
x 1+ 1+ y

y=0,x=2=arctan0=2+c=>c=-2=arctany=x—-2= y =tan(x—2)

2 2
21 kx:va—V:>kxdx:mvdv:>jkxdx:vadv:k%:m%+5,ceﬂ%

X
2 2 2 2 2 2 mV2—V2
x:O,v:vO:>kxO:mV—0+c:>c:—%:kx—:mv——%:kx—zu
2 2 2 2 2 2 2
22 m(v-v)) 4k 4k
x=2:>k?=¥:>—=vz—v(§:>v= —+ V]
m m

22 a

y=er(x?)-1

=t

b Given that the point of intersection has an x-coordinate equal to p, we notice that the rectangle has dimensions 1 X p
and the triangle has a vertical base of length 1 and height p.

! p
ATRIANGLE < A/?EGION < ARECTANGLE = E pX 1< AREG/ON <pX 1= E < A/?EG/ON <p

C [ Flakl Flotz Flots
=NMiEe™C —me
=NMeBerEza—-1

=NE=

~Ny=

“Me=

~hE= Inkersgckion

“Ma= w=.B9zE9Y2:  Y=.m1B0zZ99

p = 06937 (correct to four decimal places).

d Aoy = I:(e_xz - (e*Z - 1))dx

In a case like this, it is advisable to store the coordinates of the point of intersection in the GDC's memory and then
work with this more accurate value.

HaP
LEI369433511
E?Inti¥1—¥sz,E=
LGE7A4 35587

So, the area of the region is 0.467 (correct to three significant figures).

Notice that the last two parts of the question cannot be done without using a calculator.

Uu=x du = dx

23 a chosSxdx: =fxsin3x—flsin3xdx
3 3

dv = cos 3x dx v=%sin3x

:lxsin3x—lx(—lc033x)+c:lxsin3x+lc053x+c,ceR
3 3 3 3 9




T (371') 1 (372:) T (n’) 1 (71') 2 2

Zsinl = |+—=cos| =|[-| =sin| = |+ =cos| = ||[=—== A==

6 2 9 2 18 2 9 2 9 9
N %7 s NV

=il 0 1 0

3
3m =
= 1 1
b i J.;xcos_%xdx (gxsin3x+§cos?>x)]6

3
6

The value of the integral is negative, but, as we need to calculate the area, we simply take the absolute value of
the integral, since the function is always negative for the given integral.

Sm
I 1 1 o |5t . (5m) 1 5T n (3m) 1 3m\| 4n
i 38 xcos3x dx =| — xsin3x + — cos 3x =|—sin|—|+—=cos|—||-| =sin| — |+—=cos| —||=—
e 3 9 Elg 18 2 9 2 6 2 9 2 9
-7 - 27 _ 7 N

6

o8

1 0 = 0

T —
= 1
iii J.i X Cos3x dx = (3 x sin3x +—cos 3x)]

6
Va4 . (5w 1 51 o om
=|—sin sinf — [+=cos| —||=——=>A=—
18 2 2 9 2 9 9
O 1 0

71

Again, the integral was negative, so, for the area, we take the absolute value.
. . . : . 21
¢ The areas enclosed by the given boundaries form an arithmetic sequence with first term u, = ry and common

difference d = 2?” . Therefore, the sum of the first n terms is given by:

neZt

2 n(n-1)_ 2& 2n7t( —1) 2ne 1+n nn+N)7m
+———tx—="—|1+ > — X— =

S, =nxX— =
9 2 9 9 9 2 9

24 a v(t)=0=>rsin(7—3rr):0:>t:Oor gt:knztzsk,kez
Using the restricted domain, we can calculate the values of t: t =0 ort =3 ort = 6.

b i Inordertoavoid a discussion of the positive or negative values of the parts of the integral, we will simply use the

6§ . (m
rsm(— t) dt‘
0 3
Flakl FlakE Flok:

~MiBabsCEsindmo3
N

W=
W=

why= 3
e = So, the total distance travelled is 11.5 m (correct to
M E= SECerdu=11. 453156 three significant figures).

absolute values.

Total distance travelled = .[

Note: If not using a calculator, we should split the integral into two parts, from 0 to 3 and from 3 to 6, where the
last one has a negative value and we take its opposite value. The anti-derivative can be found by using integration

by parts.
25 a Distance travelled = Fv(t)dr = J‘]Ldr = (L arctan(L))]
0 0242 2 NEYJAS

= (% arctan (%)) = (% M] } arctan (T) 0435m

1
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b a:ﬂzwz(r):ir2
dt (2+1)
Zx 2x°
26 a = 2x\1+ x2 :>——2\/1+x +2x X ——— 1+ x° +——
4 Z\/1+x V1+ x°
2 _ u:1+x2 _ _2 = _2 ZE
b ijv1+x dx—[duzzxdx]—J-\/UdU—guz+C—§(1+x)2+C,CER

k

¢ [owfiex dx—( (m)j] :%(sz);—g:g(1+k2)§—§:1:>(1+/<2)§:§:>

] 33

2 2 2

This part can be solved directly by using a GDC.

ECUATION SOLVER | FRlIntcz2afcl+k..=A8

sant B=frInt (2K || =5, 978723484

1+#e2,5,8.k2-1 nk=,91761416146
bound=+-199.1
s left—rt=6

Again, the value of x is irrelevant for this calculation. To be correct, we need to say that the value of x must be within
the domain of the function. In our case, the domain is the set of all real numbers.

27 v()= 61> — 61,1 = 0 = distance = _[OZ let> — 6¢|dt = J; (6t —6t%) dt + Lz (6t* - 6t)dt

=(3-20)] + (2 -3")] =(1-0)+(16-12-2+3)=6m

The curve is a parabola which opens upwards, with the zeros at 0 and

1; therefore, the function is negative from 0 to 1
and positive from 1 to 2.

28 | Ploki Flokz Flok:
=WMiBabhs (e 0 T 0K
TESIRCAD

=Nez=

wNz=

=My=

wNe=

NE= Tecxidu= BEZT2EL7

The total distance travelled is 0.852 m (correct to three significant figures).

ar ar ar
292 S=k(-2)=—T=kdt= [2= [kat
0 GBSl s =

IN[T =22/ =kt+c=>T-2=e"ceR=>T=22+A AcR"

b To find the constants A and k, we need to solve the simultaneous equations formed from the given information.

= A=78
7(0)=100 22+ Ae® =100 A=78 aatl
= - =91 % 8 = _ 8) =
T(15) =70 22+ Ae™ =70 78e'° = 48 €% = 15k =In 5

A=78

=7
k = —In é) =~ —0.324
15 \13




30 xﬂ—y —1=>xd—y—y +1= zy =d—x=>arctan(y)=
dx y+1 x
y=0,x=2=arctan(0)=IN2+c=c=-In2
0
arctan (y) = Inlx|—In2 = arctan(y) = In %‘
—tan(lnfD
J 2

32 a

ii T=22+78e

'”(183)

=40=22+78e

)~453

-

R
()

(u-2y VP —6u+12u—-8
ol Il e e

8 2
—)du:u——6u+12|n|u|+
u 2

1
:>—8—e 1

o2

Injx|+c,ceR

du

(x+2)

8
“+c= —6(x+2)+12|n|x+2|+i+c,ceR
u x+2

i Sty

: 4’ y=f(x)

|x:—3

I 3/

I

I p-

I

mEd
-1 [/ ¢ 7—4’/—¢>
-4 : — - 4 6

I g(x)

1 -2

I

I =3

|

| -4

-5
i The logarithmic function g(x) = In(x + 3) — 2 has a vertical asymptote: x = —3.
i y-intercept:x =0 = g(x)=In(3)— 2 = —0.901
x-intercept: y=0=0=In(x+3)-2=>IN(x+3)=2=x+3=e" = x=¢"-3=439
Flokl Flakz Flakz

wBEd-c1-Eae
WMeBlnoH+Ea -2
wMar=

wMy=

wMe=

~WE=

wMWe=

Inkerseckion
w=-1.44208 I¥Y=-1.495781

Inkerseckion
wExaoyayanl |v=- zo00y08

i Referto the diagram in part a.

. 3.05
1 J.
0

«4—(L—xf)—(m(x+3)—2»dx




e

33 a
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iii
Z.8494B801 28
E?Inti¥1—¥z=H:E=

18. 5568443542

So, the shaded region has an area of 10.6 (correct to three significant figures).

Note: We were able to store the x-coordinate of the intersection in the GDC's memory since that was the last
calculation done before we found the integral.

To find the maximum distance, we need to form a new function: h(x) = f (x) — g (x).
Flakl Flokz Flakz

ER L Ll R

seslpoR+3a-2

=NzEY1-Y:

~Ny=

=Ne=

~Me= Haxirur

=Me= ¥=.BP0Bz73E [v=y.529846z

So, the maximum distance between f(x) and g(x) is 4.63 (correct to three significant figures).

. oy _dxdy__y _xdy__y _dy__dx _ cdy_ o dx

x=e =dx=edf=do= x'de 1 dx o+l y x@2+0:$jy Jx@2+0
dx  _¢f1 x| _ s

J.—x(x2+1)_-[(x x2+])dx In|y| 2In(x +1)+C,C€R

d—y— —dx = _l 2 — 9_1 20
Jy —Jx(x2+]):>ln|y|—|n|x| 2Irw(x +1)+c=Inly=Inle’ 2In(e +1)+cceR

1
0=O,y=\/§=>5|n2=|n1— IN2+c=c=In2

1
¥ 2

'Mﬂ=mkﬂ—%m@”+0+m2zy:
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Practice questions

1 Let X be the amount of savings ($), where X ~ N = 3000, 6° = 500°).

-]

b

N

2 a

—P(Z <04)=1-06554 = 03446 = 34.5%

P(X>32OO):P(Z>M):

500
P (2300 < X < 3300) =P (23005803000 <Z< 33005803000) =P(-14< Z<06)

=P(Z<06)—(1-P(Z <14))=07257 —(1-09192) = 0.6449
So, for two townspeople, we need to square the result: 0.6449° =~ 0.416.

d— BOOO) _ d — 3000

P(X <d)=07422=P (Z < =07422 = —<0 =0.6495 = d = 3325

Let X be the number of black discs, where X ~ B(n =8,p= > = l)
35+5 8
aiii ?inDMPdFiEFIHEFI
« SFZE9S9E S
l-binomcdf g, 1-8
’ 6563910243

b

3 a
b

(o]

d

Now, we change the number of trials to 400. Hence, the expected number of black discs that would be drawn is

,u:400><é:50.

The area of the shaded region is 0.1.

Since the areas are the same, P(X =12)=0.1and P(X =< 8) = 0.1. We can find the mean value as the average of the

2+8=1O‘

two numbers: u =
To find the standard deviation we need to use the tables.

P(XS8)=O.1:>P(Z<—£):O.1:>P(Z<£)=O.9:>£=1.2816:>0':1.56
o o o

11-10
z ) =P (Z < 0641) = 0.739 (correct to 3 sf)

HXsHD:P(Z<

1
4 |et X be the number of heads obtained, where X ~ B(n =8,p= 5)

a

p(x:4)=(§)x(;)“x(1)‘* LESET S

3 5
P(x=3)=|8 x(l) x(l) _BXTXE LA
3 2 TxZxZ
Since this binomial expression is symmetrical with respect to the middle observation of obtaining 4 heads, the
probability of obtaining 3 heads and the probability of obtaining 5 heads are equal.
7 35 56435 9

PBSX<5=2X—+—= =
32 128 128 128




Chapter 17

5 Let X be thelifespan of an insect, where X ~N(u =57, 0° = 44%).

a We need to calculate the values of a and b by using the transformation to standard normal variable.

Rl ~—0455b = 0=57 _ 1682

b i-ii nnrmalg?F(SS:lEl

:'5 a L]
EFSZE184A1
ﬂDFEE&%dFiSS:EE:
T AzTeE49496

c i [f90% of the insects die after t hours, that means that 10% of the insects have a lifespan of up to t hours.

x=—1.281558

i T EGUATION SOLVER | |mormalcdfcl3. . .=A
ey s B=normalcdf s || ®=51.3561164271..
13557 d4.40-.1 bound={-1e99,1...

6 a P(X>50)= O3:>P(Z> “):os:P(Z<5O"“)=o.7

10 10
EEUHTIDH SOLVEER | normalcdfs -16..=6
n:B=normalcdf | = M=44. 735995431 ...
'lﬁEE 28.M.183-. || bound={-1g99.1
v v left-rt=0

b H;:The mean speed has been affected by the campaign.
A one-tailed test is appropriate since the police are interested in decreasing the speed.

d To solve this part of the problem, we are going to use the Z-Test.




=t
InPt Oata (TR T
roidd, 7559 z=-1
F=.H
1.2 H=d1
5 n=25

Ko SO
Calculate DOraw

=3 X4
Hbdfurs m
L)

Since p = 0.0377 < 0.05, we reject H,.
7 Let Xbea person'sIQ where X ~N(u =100, 6" =15°).

a-b  rormalcdf<9m, 125

» 184,

¢ Hy: The average IQ of the group suffering from the disorder is 100.
H,: The average IQ of the group suffering from the disorder is less than 100.

EITE+,+‘|:| ba | e e
nF ata T}
ro:lEA z=-1.6

ails F=, 547932894
#1952 w=95.2

n:2S n=25

[THE TN SR

Calculate DOraw

Since p = 0.0548 > 0.05, we do not have enough evidence to reject the null hypothesis Hy.

8 Let X be the weight of a bag, where X ~N(u =257, 6" = 0.5°).
a ERUATION SOLMVER | |jnormalcdfczZs,

e9n: B=normalcdy (| |mP= .BBE?SEFIIIEN
2H.7.25:25.7:.52 | bound=<{-1e99.1..
-F s ]laft-rt=A

b [EQUATION SOLVER |[ormalcdfid,Z. =@
ean i B=normal cdf < | s M=25, 979931393
HB,25:M..52-F P=.825

c Since the probability of a bag weighing less than 25 kg is the same as the probability of a bag weighing more than
26 kg, the mean value must be u = 25.5 kg.

EQUATION SOLMER | mormalcdfcd. 2.=A
eun: B=normalcdy || M=25.5
H.25:M.52-F n 5=, 2551868584334
P=.825
bound=+< -1e99.1..
s ] aft—rt=A
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d With a mean of 26 kg, we lose 0.5 kg per bag; therefore, we lose 0.5 x 0.8 = 0.4 dollars per bag. For an initial cost of

00
$5000, we need to sell 58—4 = 12500 bags to cover the investment.

9 Let X be the mass of the packets, where X ~ N (n=750,0" =25").

a-b C

normCdf{-,740,750,25) 0.344578 | v f1(x}=normCd{x,»,750,25}-0.7
normCdf{780,%,750,25) 0.11507

normCdf{740,780,750,25) 0.540352

- (737,-0.09-14)
(normCdf{-,740,750,25))2 0.118734 o — —35
I l500 1000
&
4/99 5

10 Let X be the height of adults in Tallopia, where X ~N(u =1875,6° = 9.5°).

a mormalcdf 197,28 b EQUATION SOLVYER |[hormalcdfi9z.. =A@

2.9:187.5,.9.92 ey B=normalcdf | | $=226 . GERZ29549

« 158552595 2.5, 8-17.1587.5: || boynd={-199.1..
Q.50-.99 s left—rt=4

11 Let X be the mass of a lion, where X ~N(u =310, 6° = 30°).

350-310

a P(XBBSO):P(ZB
30

):1—P(Z<%)=1—O.9082=0.0918

b Since aand b are symmetrical with respect to the mean, we can write:

P(asXsb)zP(a_?’]OsZsb_g]o)zsz(Z<b_3]0)—1:0.95:>
30 30 30

P(Z<%)=O‘975:> b;gm =196 = b=3688=a=2512

12 Let X be the reaction time measured in seconds, where X ~ N (u =076,0" = 0.062).

_ 0.7-0.76 = _landb = 0.79-0.76 _
0.06 0.06

b i PX>07)=P(Z>-1)=P(Z<1)=08413
ii P(07<X<079)=P(-1<Z<05)=P(Z<05)—(1-P(Z <—1)) = 06915 - 0.1587 = 0.5328

0.5

c—0.76 0.76 — ¢ 0.76 — ¢

=1.8808 =

ii P(X<c)=P(Z< ):0.03:>P(Z< )=0.97:>

c=0.76—-1.8808 X 0.06 = 0.647 152

13 Let X be the number of faulty calculators, where X ~B(n =100, p = 0.02).
a E(X)=np=E(X)=100%x002=2



b P(X=3)= ( “3)0 Jo.of x 0.98” = 0182276
¢ Using the complementary event: P(X =2)=1-P(X <)
1-binomcdfCl6E, .
BZ.12

L DET2E2E9]

14 We need to set up a system of two equations with two unknowns, but this time we will use a slightly different approach.

P(Z>9O_“)=ow
(o3

P(z<40_”)=ou
O

P(z<90_“
(o3

NX>9®=QH}
P(Z< 40-u
(o)

P(X < 40)=0.12

0-u
5 = invNorm (0.85) 90 — ainvNorm (085) = }

40— u 40 — oinvNorm (0.012) = u

= invNorm (0.12)

)=O.85
)=O.12

Flatl Flotz Flobs
= B9E-H1nwHorm
250

W BAE—4 i uHorm
L1330

wNa=
mhE Tnkerseckion
wHe= H=ZE.BNBENE LY=AE.EREZY —
3 6 1 8 4
15a EX)=) xp =2 U=0X—+1X—+ 7 X—=—=—
() Z:,n - 10 10 z Ws 10 5
b i
3 2
5
42 2
0 -
15
< ﬂ
5
2(1 4
613 15
1
o e
15
2 1 4 2
¢ PER)= 2xL 422 2.3
6 10 6 5 30 10
- —— — -
lor6 BagA 23,45 BagB
e
— 3 —
d P(APR)= =3

The x- and y-values are ¢ and u respectively.

P(Y=y)

G-

G0

(G118} No
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16 Let X be the number of defective ball bearings, where X ~ B (n =50, p = 0.04).
a-b  [FipomFAFCSE, , B, ¢ E(X)=np=E(X)=50%x004=2

1295857935
nomcdf CSE, LB,

BTET 148825

[ A 1
—

i
a

17 Let X be the number of functioning CDs in a pack, where X ~B(n =10, p = 0.98).
a Using the complementary event, the probability that a package is returned is 0.1829 (see GDC screen below).

b Introducing a new binomial variable: Y ~ B (n =3, p = 0.182 93)

l-binomrdf 1@, .9
2. 180P
) 1E29271931
bBiromrdtc3.FP.12
« SEEIVEDSYL

18a DY P(x)=1=2k+2k"+k +k+2k +k=1=5 +4k =1= 5k + 4k — 1= 0=
Impossible
W =
(5k—1)(k+1):O=>5/<—1:Oork+1:O:>/<:E or k=-1
Note: As a probability, k must be a positive number between 0 and 1.

2 2 6 7 35 7
b E(X)=) xp=>U=0X=-+1X—4+2X—+3X—=—=—=14
) Z‘ % =2 5 25 25 25 25 5

19 a Let X be the number of small tomatoes, where X ~B(n =12, p = 0.023).

bBinomrdf {12, .823
a3

AAZ17ASET 2
biromcdfolZ,. .
5

17194462143 -4

1-
23

normalcdf 2. 5.8,
.02
« 2413447464

b LetY be the size of a tomato, whereY ~N(u =3, 6° = 0.5°).

20 X ~N(u=102 6)=P(X <1)=0017

EGUATION SOLVER | mormalcdf s -18..=8
e B=normalcdf o) = 5=, 9433643657 ..
-18.1.1.82.5> bound=<-1e99. 1.
s ]left—rt=A

Since the units in the calculation are kg, the standard
deviation is 9.4 g.




kx
21 f(x)z{e—ke O0sx=<1

0 otherwise
a J';(e—ke”)dx=1:>(ex—ek")];=1:>e—ek+1=1:>e=ek:>/<=1

1

1 - ;]
=—e-—e?——e+e'=—e—Je+¥e
2 4 4

Sl —

b Jf(e—e")dx =(ex—e)];

¢ Tofind the two values, we need to refresh our memory regarding integration by parts.

j o d u=x du=dx
x ® =
dv=e*dx v=e*

, u=x’  du=2xdx
J.xexdxz y

v=e*dx v=e"

|

:|=xex—J.e‘dx=xe“—e*+c,ceR

}:xze*—2.[xe"dx:xzex—2xe"+2€*+c,ceR

* aa. (% L
u—'[o(xe—xe )dx—(e?—e (x—1))l_5e—1

1

1 . x° . 1 ’
o’ =_[O(xze—x2e )dx — u* =(e?—e (x2—2x+2)):|0—(ze—1)

1 : 2e ¢’ .
=(E—e+2)—(—e—0 =222 % te1=145-%
3 2 3 4 34

1

1 1
d NXzo&:1—NX<09:1—L%e—€yu=1—@x—wﬂé:L{%e—w+q

We can define a new variable: Y ~ B(n =3,p=ie— g)
3

i NY:ﬁ:Cf—g)

i If two batteries have failed, exactly one has not failed.

e (o)

0 y <0
22 f(y)= y

05e 2 y=0

a Since the time is measured in years, we neoi_'d to calculate the following probability:
NY<Q$=ﬁ%Be%y=Q%}k§H = % 1= 02212

b We can use a binomial variable: X ~ B (n =o 3, p =0.2212) .'At least two' means either two or all three components fail.

1-binomcdf o3, .22

P21 os1419357

P(X=2)=1-P(X<1)=0.125

EQUATION SOLVER
=i B=normal cof o
s 1AAE. 58, 335,1.9
S2-A.8

23a /~N(u=60330" =195)
P(/>x)=08

So, the distance is 58.69 m.

rormalcdfCx. 1. .=[
=55, 6E3E3S97A...
bound=4-1e99.1..
s ]left—rt=A




Chapter 17

ECUJATION SOLVER ||mormalcdfiS6, .=
b K~N(u=5939 ) et B=normal cdf | = 5=3, 4 188258455
a6, 52, 188860, 59, 3| | bound={-139:1

P(K>56.52)=O.8 9.51-.8 ] eft—rt=0H

So, the standard deviation is 3.41 m.

¢ /~N(u=60330" =195),K ~N(u=5950,0" =3’)

i We are going to use the complementary event, which is that neither of them has a throw longer than 65 m in
those three throws.

normalcdfc -18688, |normalcdfc -1868,
B, 6H. 33, 1.952+]||65.59.5,: 323K

« IEEEZIDD1E

916869194 |1 -k 3
1-I3 - H985245641
«HB247324944

on

1—=(P(/ < 65)) = 0.0247 1-(P(K < 65)) =0.0968

So, Karl is more likely to qualify.

i (C1-IF2C1-KX2
HE2E3471E

24 a

y=116x(1+x2)

N L S A——

b From the graph, we can see that the modal value is 2 since the probability density function has a maximum value of

5
— at2.
3

3 5\
c 21x2(1+x2)dx=l LA =l(§+3—2)=@
06 6\ 3 5)], 6\3 5 45
2 [ 2 4
Der)dr=ta E || 22520 5t om —12=0
06 27612 i 4

4 2

ayxh+, et +an=a ayxM+, +aixtan=0

ay=] #*1 B2, 1458542817

ax=d we=-2.14c82042]1..

ax=2 ®r=1.614172803

a1 =8 wu=-1.614172089

an=-12
HATNVHODENCLEILOAGISOLYE | [(RATNVHODENCOEFT £10 So, the median value is 1.614.




25 A~N(u=156,0"=0.16"),8~N(u=152 0" =0.16°)

a P(B<152)=0242

EQUATION SOLMER | [hormalcdf s -18..=6
eyn: B=normalcdt (| =M=1.63198133246..
-1EE:1.592. M. 163 | bound=<-199.1
- s ] et t—rt=H

So, the mean diameter of a bolt produced by manufacturer Bis 1.63 mm.

b P(S)=044xP(A<152)+056xP(8 <1.52)=0312
A B

ddErormalodf ol -1
HH,1.52.1.56..16
A+ SERnormal cdf
;1@@:1.52=H:.163

S 12BE92593

0.56 x P(B < 1.52)
0312

¢ P(BS)=

« oEknormalcdf o -
Eﬁsl.SE,H,.lﬁhb

3342347731

i
1
s

0434

If manufacturer B makes 8000 bolts, the following are the expected numbers of bolts produced.

SEaE+normalcdt ] -
bEE:1.52=H=.16}+

1336

Saaa+normal cdf ]l
I:IISE:LBS:H:.115-}-1*

S28A. 56512

Sa0+normal cdf ]l
LB 188 M. L 162

253, 43354284

So, we can say that we would expect 1936 smaller bolts, 5201 bolts of diameter 1.52-1.83 mm and 863 larger bolts.
is calculated as follows:

Therefore, the expected profit

5201%x 1.5+ 863 x 0.5—1936 x 0.85 = 6587 (correct to the nearest dollar).






